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Mathematics. — “Polydimensional Vectordistributions”.‘) By L. E. J. 
Brouwer. (Communicated by Prof. D. J. KorTEWEG.) 


Let us call the plane space in which to operate ‚5, ; we suppose 
in it a rectangular system of coordinates in which a (, represents 
a coordinatespace of p dimensions. Let a > X-distribution be given 
in 5); i.e. let in each point of ‚5, a p-dimensional system of vectors 
be given. By X, %4....0, WO understand the vector component parallel 


to C, indicated by the indices, whilst as positive sense is assumed 
the one corresponding to the indicatrix indicated by the sequence 
of the indices. By interchanging two of the indices the sense of the 
indicatrix changes, hence the sign of the vectorcomponent. 


Theorem I. The integral of X in S, over an arbitrary curved 
bilateral closed S, is equal to the integral of rt! Y over an arbitrary 
curved S,+1, enclosed by S, as a boundary, in which ?+t1!Y is 
determined by 

0X 


x 0a ...X 
Y en 92 9 p+1 
En acht + —_ > er D) 


ag — “+1 
where for each of the terms of the second member the indiecatrix 
(a, 0, “g,8g, +4) has the same sense as (@,@,...@p+1). We call 


the vector Y the first derivative of PX. 


Proof. We suppose the limited space S,+ı to be provided with 
curvilinear coordinates u, ...u,+ determined as intersection of curved 
G,'s, i.e. curved coordinatespaces of p-dimensions. We suppose the 
system of curvilinear coordinates to be inside the boundary without 
singularities and the boundary with respect to those coordinates to 
be everywhere convex. 

The integral element of »t+\JY becomes when expressed in differen- 
tial quotients of PX: 


02, a 
0X. RR: re mer. du, 
42 q 5 . 
pH 
> > yet du)... + düp+i- 
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du, EN nee Op 


1) The Dutch original contains a few errors (see Erratum at the end of Ver- 
slagen 31 Juni 1906), which have been rectlified in this translation. 
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We now unite all terms containing one of the components of 
PX, e.g. Xıa3...». We then find: 


O2p-+1 dx, EN dx) 
du, du, wet ie a icoıe du, 
IXı93...p : d d + 
d2,41 ® & & U ee... Up! 
Irp+1 dx, Oi) 
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+ ...(n—p terms). 
If we add to these the following terms with the value 0: 
dx, dx, O2, 
du, a du, 
OXıa3... i j 
ne dan, Bo + 
dm, dm, da, 
Be PER 
Om, dr, 0%) 
du, du, BE a ee du, 
Eı u u 
j da, dm, Or, 
pp a Op 
+ ...(p terms), 
the n-terms can be summed up as: 
OXı93 ...D Or, Oxp 
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Let us suppose this determinant to be developed according to the 
first column, let us then integrate partially each of the terms of the 
development according to the differential quotient of XAıa3...., , appearing 
in it: there will remain under the (p + 1)-fold integration sign 
p(p-+D) terms neutralizing each other two by two. Thus for instance: 


0%, 0°’) 
| On Our. Napa Ou, Oup+1 
0m, Op 
5% au A 5 
düslucne. dup+i a 
| dx, 0a) 
| | i du, va, 5 8 ne en er du, 
X123...p 
X123...p 
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as they transform themselves into one another by interchangement 
of two rows of the matrix-determinant. 
So the p-fold integral remains only, giving under the integration sign 


fi) Li 
N en Be 
ou, uU, 
X123...p 2 
0x 
+1 rd, N du 
yH pH u,rı pl 


to be integrated over the boundary, whilst in a definite point of that 
boundary the A term of the first column gets the sign —+ when 
for the coordinate u) the point lies on the positive side of the boundary. 

Let us now find the integral of X 123...p Over the boundary and 
let us for the moment suppose ourselves on the part ofit lying for all 
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3 ae . . . . ee 

ws on the positive side. The indicatrix is in the sense u, u, ... u, ı and 
if we integrate A'jas...)n Successively over the components of the 
elements of boundary according to the curved ()’s we find: 


0% dx 
1 
5 BEINE, 3 du, 
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> f X 123...2 > : ) 
dx, A 0x, F 
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where (a,rı0, ..g)=(12 3...p(p+1)); so that we can write 


as well 
| da, 0% 
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If we now move to other parts of the boundary we shall conti- 
nually see, where we pass a limit of projecetion with respect to one 
of the eoordinates u, the projeetion of the indicatrix on the relative 
eurved C, change in sense. 

So in an arbitrary point of the boundary the integral is found in the 
same way as on the entirely positive side; we shall find only, that 

for each eoordinate u, for which we are on the negative side, the 
corresponding term under the sign > will have to be taken nega- 
| tively, by which we shall have shown the equality of the p-fold 
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integral of »X over the boundary and the (p +1) fold integral of 
?p+!Y over the bounded S+1- 

We can also imagine the scalar values of #X set off along the 
normal-S,_,'s. As such the integral over an arbitrary curved bilateral 
closed S»—,) can be reduced to an (n-—-p+ 1)-dimensional vector 
over a ceurved S,»+1, bounded by ‚S,_,. If again we set off the 
scalar values of that vector along its normal-S,-ı, the vector P-1Z 
appears, which we shall call the second derivative of PX. For the 
component vectors of ?=-!Z we find: 

Z Bi. ap 
oo, 1, 


pl = 
Tip a 


The particularity may appear that one of the derivatives becomes 0. 
If the first derivative of an "X is zero we shall speak ofan „1X, 


. . m 
if the second is zero of an m+ıÄ. 


ER R 1 
Theorem 2. The first derivative of avX is a DER the second a 
} 


£ X ; in other words the process of the first derivation as well as 
that of tlıe second applied twice in succession gives zero. 

The demonstration is simple analytically, but also geometrically the 
theorem is proved as follows: 

Find the integral of the first derivative of "X over a closed S,; ı, 
then we can substitute for the addition given by an S,+ı element 
the integral of »X along the bounding ‚S, of that element. Along 
the entire ‚S,+1 each element of those S, boundaries is counted twice 
with opposite indicatrix, so that the integral must vanish. 

The analogous property for the second derivative is apparent, when 
we evaluate the integral of the normalvector over a closed S,_,+ı- 


By total derivative we shall understand the sum of the first and 
second derivalives and we shall represent the operation of total 
derivation by y. 


h=n 


0° 
Theorem 3. = — =. 
0x 
AV 
‚Proof. In the first place it is clear from theorem 2 that the 
vector y’ is again a X. Let us find its component A12..p- 
The first derivative supplies the following terms 
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The second derivative supplies the terms 
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The terms under the sign I X of 7, are annulled by those of 


T,, so that only 


5 
Ben 


— 0°Xı12..p 


On? 
nel 


is left. 


Corollary. If a veetordistribution PV is given, then the vector- 
ee, Vdv : 
distribution a integrated over the entire space, has for 

k,(n— 2)? 
second derivative V. (if A.r"-! expresses the surface of the 
»—l.sphere in S,). 

The theorem also holds for a distribution of sums of vectors of 
various numbers of dimensions, e.g. quaternions. 

We shall say that a vectordistribution has the potential property 
when its scalar values satisfy the demands of vanishing at infinity, 
which must be put to a scalar potential function in S,.') And in 
the following we shall suppose that the vectordistribution from 
which we start possesses the potential property. Then holds good: 


Theorem 4. A vectordistribution V is determined by its total 
derivative of the second order. 

For, each of the scalar values of V is uniformly determined by 
the scalar values of 9? V, from which it is derived by the operation 


dv 
fi kn — 2)rr2 } 


Theorem 5. A vectordistribution is determined uniformly by its 
total derivative of the first order. 

For, from the first total derivative follows the second, from which 
according to the preceding theorem the vector itself. 

We shall say that a vectordistribution has the field property, if 
the scalar values of the total derivative of the first order satisfy the 
demands which must be put to an agens distribution of a scalar 
potential function in S. And in the following we shall suppose 
that the vectordistribution under consideration possesses the field 
property. Then we have: 


Theorem 6. Each vectordistribution is to be regarded as a total 
!) Generally the condition is put: the function must become infinitesimal of 


order n—-2 with respect to the reciprocal value of the distance from the origin. 
We can, however, prove, that the being infinitesimal only is sufficient. 
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derivative, in other words each vectordistribution has a potential 
and that potential is uniformly determined by it. 


Proof. Let V be the given distribution, then 


Ka VV.d 
Bel, u kn(n — 2)rr 2 

is its potential. For V”’P=VV, or V(VP)=VV, or VP=V. 
Farther follows out of the field property of V, that P is uniformly 
determined as 7-2? of VV, soas 7 ofV. So P has clearly the 
potential property; it need, however, not have the field property. 

N.B. A distribution not to be regarded here, because it has not 
the field property, though it has the potential property, is e.g. the 
fietitious force field of a single agens point in S,. For, here we 
have not a potential vanishing at infinity — and as such deter- 
mined uniformly. The magnetic field in S, has field property and 
also all the fields of a single agens point in S, and higher spaces. 

Let us call \YV the first derivative of ?V and \/ V’the second; 
we can then break up ?V into 


Nr. dv ut er R 
se) (a —ayrT2 ner Ben ei 


and 
\y V.dv 


% ken (n — 2)? 


EUER =, V. 


From the preceding follows immediately: 


p P=1 pP 
Theorem 7. Each „_ı V has as potential a „V. Each „+1 V has 
?-+1 
as potential a » F. 


p 24 KENER ; 
We can indicate of the „+ı V the elementary distribution, i. e. that 
p 
particular „+ V of which the arbitrary ‚S„ integral must be taken to 


pP 
obtain the most general »+ı V. 
v T9/ . . 
For, the general »+ıV is \Y of the general Pt! so it is the 


general S, integral of the \%/ of an isolated (9 + 1)-dimensional 
vector, which, as is easily seen geometrically, consists of equal ?vectors 
in the surface of a ?sphere with infinitesimal radius described round 
the point of the given isolated vector in the Rp+ı of the vector. 


p 
In like manner the general ,—ı V is the \/ of the general P=1V, 


=. 


so it is the general S, integral of the \\/ of an isolated P-1 vector, 
consisting of equal ?vectors normal to the surface of an "=> sphere with 
infinitesimal radius described round the point of the given isolated 
vector in the A, p+1, normal to that vector. 


From this follows: 
Theorem 8. The general ?V is an arbitrary integral of elemen- 
tary fields #, and E,, where: 


f Ziv pl j 
By f E (a2 ‚ where „ Z consists of the ?—1 vectors in the 
surface of an infinitesinal ?-Isphere Sp» :» » =»... ..() 
p+l + 
Bei ee 1 a ri consists of the +! 
EIS, f kun 2)’ P vectors normal 
to the surface of an infinitesinal *-?—-Isphere Sp,. » » . (2) 


For the rest the fields &, and Z, must be of a perfectly identical 
structure at finite distance from their origin; for two fields Z, and E, 
with the same origin must be able to be summed up to an isolated 
vvector in that point. 

We can call the spheres Sp, and Sp. with their indicatrices the 
elementary vortee systems Vo, and Vo;,. A field is then uniformly 
determined by its- elementary vortex systems and can be regarded 
as caused by those vortex systems. 

We shall now apply the theory to some examples. 


The force field in S,. 
The field E,. The elementary sphere Sp; becomes here two points 
lying quite close to each other, the vortex system Vo, passes into 
two equal and opposite scalar values placed in those two points. It 


i a: j 
furnishes a scalar potential in which 9 denotes the angle of the 


radiusvector with the S, of Vo,, i.e. the line connecting the two 
points. The elementary field is the (first) derivative of the potential 
(the gradient); it is the field of an agens double point in two di- 
mensions. 

The field E,. The elementary sphere Sp, again «onsists of two 
points lying in close vicinity, the elementary vortex system Vo, has 
in those two points two equal and opposite planivectors. The Alan 


vector potential (determined by a scalar value) here again becomes 
cos p 


; so the field itself is obtained by allowing all the veetors of 
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a field E, to rotate 90°. As on the other hand it has to be of an 
identical structure to Z, outside the origin we may call the field 
E, resp. E, “dual to itself”. 

In our space the field EZ, can be realized as that of a plane, 
infinitely long and narrow magnetic band with poles along the edges ; 
the field E, as that of two infinitely long parallel straight electric 
eurrents, close together and directed oppositely. 


The planwector (vortex) field in S.. 


The field E,. The elementary sphere Sp; is a circlet, the elementary 
vortex system Vo, a current along it. It furnishes a linevector 


sÜ = j x 
potential = nn directed along the eircles which project themselves 


on the plane of Vo, as eircles concentrie to Vo,, and where is 
the angle of the radiusvector with the normal plane of Vo.. The 
field is the first derivative (rotation) of this potential. 

The field E,. The elementary sphere Sp, is again a circlet, the 
elementary vortex system Vo, assumes in the points of that circlet 
equal ?’vectors normal to it. The °?V-potential consists of the ’V’s 
normal to the potential vectors of a field Z,; the field Z, is thus 
obtained by taking the normal planes of all planivectors ofa field &.. 
As on the other hand Z, and Z, are of the same identical structure 
outside the origin, we can say here again, that the field #, resp. E, 
is dual to itself. 

So we can regard the vortex field in 5, as caused by elementary 
eircular eurrents of two kinds; two equal currents of a different kind 
cause vortex fields of equal structure, but one field is perfectly 
normal to the other. 

So if of a field the two generating systems of currents are 
identical, it consists of isosceles double-vortices. 


The force field in S,;. 
The field E,. Vo, gives a double point, causing a scalar 


potential Br where » is the angle of the radiusvector with the 
r 


axis of the double point; the derivative (gradient) gives the wellknown 
field of an elementary magnet. 

The field E,. Vo, consists of equal planivectors normal to a 
small eireular current. If we represent the planivector potential by the 


8% 


N 
linevecetor normal to it, we shall find for that linevector  direeted 
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along the circles, which project themselves on the plane of Vo; 
as eireles concentrie to Vo;, and where % is the angle of the radius- 
vector with the normal on the eircular current. The field £, is the 
second derivative of the planivector potential, i.e. the rotation of 
the normal linevector. 

According to what was derived before the field Z, of a small 
cireular eurrent is outside the origin equal’to the field &, of an 
elementary magnet normal to the current. 

In this way we have deduced the principle that an arbitrary 
force field can be regarded as generated by elementary magnets and 
elementary ceireuits. A finite continnous agglomeration of elementary 
magnets furnishes a system of finite magnets; a finite continuous 
agglomeration of elementary eireuits furnishes a system of finite 
closed currents, i.e. of finite dimensions; the linear length of the 
separate currents may be infinite. 

Of course according to theorem 6 we can also construct the 


1 
scalar potential out of that of single agens points (x the second 
IT 


derivative of the field), and the vector potential out of that of rectilinear 
1 
elements of current (perpendieular to = X the first derivative ofthe 


field), but the fietitious “field of a rectilinear element of current” has 
everywhere rotation, so it is tbe real field of a rather complicated 
distribution of current. A field having as its only current a rectilinear 
element of current, is not only physically but also mathematie- 
ally impossible. A field of a single agens point though physically 
perhaps equally impossible, is mathematically just possible in the 
Euclidean space in consequence of its infinite dimensions, as the 
field of a magnet of which one pole is removed at infinite distance. 

In hyperbolie space also the üeld of a single agens point is 
possible for the same reason, but in elliptie and in spherical space 
being finite it has become as impossible as the field of a rectilinear 
element of current. The way in which Schering (Göttinger Nachr. 
1870, 1873; compare also Fresporr Diss. Göttingen 1873; Orıtz 
Diss. Göttingen 1881) and Kıruına (Crelle’s Journ. 1885) construct 
the potential of elliptie space, starting from the supposition that 
as unity of field must be possible the field of a single agens point, 
leads to absurd consequences, to which Kıeı (Vorlesungen über 
Nicht-Euklidische Geometrie) has referred, without, however, proposing 
an improvement. To construct the potential of the elliptie and 
spherical spaces nothing but the field of a double point must be 
assumed as unity of field, which would lead us too far in this 


CR 


paper but will be treated more in d:tails in a following com- 
munication. 

With the force field in S, the vortex field in ‚S, dual to it has 
been treated at the same fime. It is an integral of vortex fields as 
they run round the force lines of an elementary magnet and as 
they run round the induction lines of an elementary circuit. 


The force field in S. . 


The field E,. Vo, again gives a double point, which furnishes a 
cos 


05p. 5 i 
Same where 9 is the angle between radiusvector and 
rue 


scalar potential 
axis of the double point; its gradient gives what we might call the 
field of an elementary magnet in S.. 

The field E,. Vo, consists of equal planivectors normal to a 
small *—2sphere Sp,. To find the planivector. potential in a point 
P, we call the perpendicular to the S,—ı in which ‚Sp, is Iying 
OL, and the plane ZOP the “meridian plane” of P; we call 
9 the angle ZLOP and OQ the perpendicular to OL drawn in 
the meridian plane. We then see that all planivectors of Vo, have 
in common with that meridian plane the direction OZ, so they can be 
decomposed each into two components, one lying in the meridian 
plane and the other eutting that meridian plane at right angles. The 
latter components, when divided by the n — 2rd power of their 
distance to P, and placed in ?, neutralize each other two by two; 
and the former consist of pairs of equal and opposite planivectors 
directed parallel to the meridian plane and at infinitely small distance 
from each other according to the direction OQ. These cause in P 


sın pP The 


a planivector potential lying in the meridian plane =c ER 


field E, is of tnis potential the V =\%Y, and outside the origin is 
identical to the field of an elementary magnet along OL. 

The force field in S, can be regarded as ifcaused 1°. by magnets, 
Ind, by vortex systems consisting of the plane vortices erected normal 
to a small *—2sphere. We can also take as the cause the spheres 
themselves with their indicatriees and say that the field is formed 
by magnets and vortex spheres of n—2 dimensions (as in S, the 
cause is found in the closed electrie current instead.of in the vortices 
round about it). 

Here also fields of a single plane vortex element are impossible. 
Yet we can speak of the fictitious “field of a single vortex” although 
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that really has a vortex i.e. a rotation vector everywhere in space. 
We can say namely: 

If of a. force field in each point the divergence (a scalar) and the 
rotation (a planivector) are given, then it is the V of a potential : 
eh ae + f Ber this formula takes the field as an 

kn(n — 2) rr—2 kun — 2) "=? 


integral of fietitious fields of agens points and of single vortices. 


Crystallography. — “On the fatty esters of Cholesterol and 
Phytosterol, and on the anisotropous liquid phases of the 
Cholesterol-derwatives.” By Dr. F. M. Jarser. (Communicated 
by Prof. A. P. N. FRANCHIMONT.) 


(Communicated in the’ meeting of May 26, 1906). 


$ 1. Several years ago I observed that phytosterol obtained from 
rape-seed-oil suffers an elevation of the melting point by a small 
addition of cholesterol. The small quantity of the first named sub- 
stancee at my disposal and other circumstances prevented me from 
going further into the matter. 

My attention was again called to this subject by some very 
meritorious publications of BÖMER') on the meltingpoint-elevations 
of phytoterol by cholesterol and also of cholesterol-acetate by phyto- 
sterol-acetate. Apart from the fact that the crystallographie data 
from O. Mücek led me to the conelusion, that there existed here an 
uninterrupted miseibility between heterosymmetrie components, a 
further investigation of the binary meltingpoint-line of the two 
acetates appeared to me very desirable, as the ideas of BöMER on 
this point are not always clear; this is all the more important, as 
we know that Bömer based on these melting point elevations a 
method for detecting the adulteration of animal with vegetable fats. 
My further object was to ascertain in how far the introduction of 
fatty acid-residues into the molecule of cholesterol would modify the 
behaviour of the esters in regard to the phenomenon of the optically- 
anisotropous liquid phases, first noticed with the acetate, propionate 
and benzoate, with an increasing carbon-content of the acids. Finally 
I wished to ascertain whether there was question of a similar 
meltingpoint-elevation as with the acetates in the other terms of the 
series t00. 


!) Bömer, Zeit. Nahr. u. Genussm. (1898). 21, 81; (1901). 865, 1070; the last 
paper \with Winter) contains a complete literature reference to which I refer. 
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$ 2. In the first place the esters of cholesterol and phytosterol 
had to be prepared. 

The cholesterol used, after being repeatedly recrystallised from 
absolute alcohol —- ether; melted "sharply at 149°.2. The phyto- 
sterol was prepared by Merck, by Hekssr’s') method from Calabar 
fat, and also recrystallised. It melted at 137°. A microscopic test did 
not reveal in either specimen any inhomogeneous parts. 

First of all, I undertook the erystallographic investigation of the two 
substances. The result agrees completely with the data given by Mücse, 
to which I refer. I have not, up to the present, obtained any measu- 
rable crystals; on account of the optical properties, cholesterol can 
possess only trielinie, and phytosterol only monoclinie symmetry. 

Although an expert crystallographer will have no difficulty in 
mieroscopieally distinguishing between the two substances, the erystals 
deposited from solvents are, however, so much alike that a less expe- 
rienced analyst may easily make a mistake. I, therefore, thought it 
of practical importance to find a better way for their identification 
with the microscope. 

This was found to be a very simple matter, if the erystals are 
allowed to form on the object-glass by fusion and solidification, 
instead of being deposited from solvents. Figs. 1 and 2 show the 
way in which the solidification of the two substances takes place. 


Fig. 1. Fig. 2. 
Cholesterol, Phytosierol, 
fused and then solidified. fused and solidified by cooling. 


Phytosterol erystallises in conglomerate spherolites. Between crossed 
nicols they exhibit a vivid display of colours and each of them is 


ı) Hesse, Annal. der Chemie, 192. 175. 
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traversed by a dark cross, so that the whole conveys the impression 
of adjacent interferenee images of monaxial erystals, viewed perpen- 
dieularly to the axis and without eircular polarisation. The charac- 
ter of the apparently simple erystals is optically negative. 
Cholesterol, however, presents a quite different image. When melted 
on an object-glass, the substance 
contracts and “forms small droplets, 
which are scattered sporadically and, 
on solidification, look like little nug- 
gets with scaly edges, which mostly 
exhibit the white of the higher order. 
That the mieroscopical distinetion 
in this manner is much safer than 
by Mücce’s method, may be seen from 
fig. 3 where phytosterol and choleste- 
rol are represented as seen under the 
Fig. 3. microscope, after being crystallised 


Phytosterol and Cholesterol from from alcohol. A is cholesterol, B phy- 
95%/, Alcohol. tostero]. 


$ 3. Of the fatty esters, I have prepared the acetates, propionates, 
butyrates and ısobutyrates by heating the two alcohols with the pure 
acid-anhydride in a reflux apparatus. A two or three hours heating 
with a small flame, and in the case of the cholesterol, preferably in 
a dark room, gives a very good yield. When cold, the mass was 
freed from excess of acid by means of sodium hydrocarbonate, and 
then recrystallised from aleohol + ether, afterwards from ethyl 
acetate 4 ligroin, or a mixture of acetone and ligroin, until the melt- 
ingpoint was constant. Generally, I used equal parts by weight of 
the alcohol and the acidanhydride. 

The formiates, valerates, isovalerates, capronates, caprylates and 
caprinates were prepared by means of the pure anhydrous acids. 
These (valerie, caprylic and caprie acids) were prepared synthetically 
by Kanısaum; the isovaleric acid and also the anhydrous formie 
acid were sold commereially as pure acids “Kanısaum”. Generally, 
a six hours heating of the alcohol with a little more than its own 
weight of the acid sufficed to obtain a fairly good yield. Owing, 
however, to the many recrystallisations required the loss in substance 
is much greater than with the above described method of preparing. 

Both series of esters cerystallise well. The phytosterol-esters in soft, 
flexible, glittering scales ; the formiate and the valerates present some 
difieulties in the erystallisation, as they obstinately retain a trace of 


a a ee nn ua nl lu Ö 0 a dl ll a ne ui ae ie ui 


(8) 


an adhesive by-product which it is diffieult to remove. The choles- 
terol-esters give much nicer erystals; the formiate, acetate and ben- 
zoate have been measured macroscopically ; the other derivatives 
erystallise in delicate needles or very thin scaly erystals which are 
not measurable; I hope yet to be able to obtain the butyrate in a 
measurable form ‘). In the case of the caprylate, the purification was 
much assisted by the great tendeney of the product to erystallise. 
The purification of the caprie ester was, ‚however, much more diffi- 
cult; at last, this has also been obtained in a pure state even in 
beautiful, colourless, plate-shaped erystals, from boiling ligroin °). 

The phytosterol-esters retain their white colour on exposure to the 
light; the cholesterol-esters gradually turn yellowish but may be 
bleached again by recrystallisation. 

The determination of the melting points, and in the case of the 
cholesterol-esters, also that of the transition-temperatures: solid — 
anisotropous-liquid, was always executed in such manner, that the 
thermometer was placed in the substance, which entirely surrounded 
the mercury-reservoir. Not having at my disposal a thermostat, I 
have not used the graphie construction of the cooling-curve, in 
the determinations, but simply determined the temperature at which 
the new phases first occur when the outer bath gets gradually warmer. 

As regards the analysis of the esters, nothing or little can be 
learned from an elementary analysis in this case, where the formulae 
of cholestero)l and phytosterol are still doubtful, and where the 
molecules contain from 28 to 37 carbon-atoms. I have therefore 
rested content witlı saponifying a small quantity of the esters with 
alcoholic potassium hydroxide, which each time liberated the cholesterol 
or phytosterol with the known melting points. On acidifying the 
alkaline solution with hydrochlorie acid, the fatty acids could be 
identified by their characteristie odour. 

The esters were called pure, when the melting points, and in the 
case of cholesterol-esters, both temperatures, remained. constant on 
further recrystallisation. 


l) | have even succeeded lately in obtaining the formiate in large transparent 
crystals from a mixture of ligroin, elhyl acetate and a little alcohol. 

2, The crystals of the caprinate are long, flat needles. They form monoclinic 

individuals, which are elongated parallel to the b-axis, and flattened towards {001} 
- The angle ß is 88° a 89°; there are also the forms: 100} and-{101}; measured: 
100):.100=#.20.: The optic axial plane is {010}; inclined dispersion: p > v 
round the first bisseetria. Negative double refraction. On {001} there is one optica] 
axis visible about the limits of the field. The erystals are eurved-plane. 

6 

Proceedings Royal Acad. Amsterdam. Vol. IX. 
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$4. I give in the following tables the temperatures observed 
ete.') Next to my data are placed those of Bömer as far as he has 
published them. The temperatures in | ] will be discussed more in 


detail later on. 


f. 


FATTY ESTERS OF CHOLESTEROL. 


t, tz A Böner’s data: 

Chol. Formiate _ [+ 90°] 969.5 —_ 96°, 

»  Acetate — 80. 390°J})| 112°.8 — | 11305 

» | Propionate 93°.0 1079°.2 — 921117 

» -»-Butyrate 96°,4 107°.3 _ 96° | 108° 

»  Isobutyrate — _ 126°.5 — —_ 

» -n-Valerate 318 9972 _ _ — 

»  Iso- valerate — [+ 109°] | 1109,6 —_ _ 

»  Capronate 910.2 100°.4 — — En 

»  Caprylate _ [+ 101°] | 1069.4 _ — 

»  Caprinte 829.2 90°.6 — —_ — 

»  Benzoate 145°.5 178°.5 — 146° | 1789.5 

»  Phtalate°) —_ _ —_ —_ 1829.5 

»  Stearinate’?) —_ —_ _ 659 

Benzoates and phthalates although not being fatty esters, have nevertheless 

been included. 

1) According to ScHönBEcK, Diss. Marburg. (1900). 

2) According to BömEr loco cit. 

3) According to Berrueror. It is as yet undecided, whether liquid erystals are 
present here ; perhaps this case is analogous with that of the caprylate. 


The temperatures in [] cannot be determined accurately; see text. 


$ 5. Most striking with these remarkable substances are the splen- 


I) It should be observed that in these substances three temperatures should be 
considered, namely 1. transition : solid — anisotropous-liquid ; 2. transition : aniso- 
tropous-liquid — isotropous-liquid ; 3. transition : solid — isotropous-liquid. 

This distinction has been retained, particularly on account of the cases of labile, 
liquid cerystals discovered here. 
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did colour-phenomena observed during the cooling of the clear, 
isotropous, fused mass to its temperature of solidification, and also 
during the heating in the reverse way. These colour phenomena are 
caused by interference of the ineident light, every time the turbid 
anisotropous liquid-phase occurs, or passes into the isotropous liquid. 
During this last transition we notice while stirring with the ther- 
mometer, the “oily slides’’ formerly described by ReinITzer, until the 
temperature {, has been exceeded. These colours also occur when 
the solid phase deposits from the anisotropous liquid, therefore below 
t,. The most brilliant, unrivalled violet and blue colour display is 
shown by the butyrate and normal valerate, also very well by the 
capronate and caprinate. 

The temperatures in [ ] £, answer to anisotropous liquid phases 
which are /abile in regard to the isotropous liquid, and which double- 
refracting liquids are, therefore, only realisable in undercooled fused 
material. Of this case, which is comparable with the monotropism, as 
distinguished by LEHMANN from the case of enantiotropous transfor- 
mations, the acetate is the only known example up to the present. Now 
the number of cases is increased by three, namely the formiate, the 
caprylate and without any doubt also the isovalerate, to which I will 
refer presently. Cholesterol-formiate and caprylate melt therefore, 
perfectly sharply to a clear liquid at, respectively 96'/,’ and 106.°2. 
If, however, the clear liquid is suddenly cooled in cold water, 
one notices the appearance of the turbid, anisotropous, more-labile 
phase, accompanied by the said colour phenomena. The acetate in 
particular exhibits them with great splendour. It is quite possible 
that many organic compounds which are described as “melting 
sharply”, belong to this category and on being cooled suddenly 
possess a double-refraeting liquid phase, even although this may last 
only a moment. The phenomenon of liquid erystals would then be 
more general than is usually believed. 

Prof. Leumann, to whonm I have forwarded a little of the cholesterol- 
_ esters, has been able to fully verify my observations. This investigator 
has, in addition, also found that cholesterol-caprinate may probably 
exhibit wo anisotropous liquid phases. Although, personally, I never 
noticed more than one single phase, and Prof. LeumAnn’s determinations 
are only given provisionally, this case would certainly have to be 
regarded as one of the most remarkabie phenomena which may be 
expected in a homogeneous body, particularly because the percep- 
tibility of those two phases implies that they would not be miscible 


in all proportions with each other. 
6* 
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$ 6. The behaviour of cholesterol-isobutyrate is a very remarkable 
one. Microscopie and marroscopie investigation shows absolutely nothing 
of an anisotropous liquid phase, not even on sudden cooling and this 
in spite of the fact that the normal butyrate gives the phenomenon 
with great splendour. This differently-behaving ester has been prepared 
from the same -bulk of cholesterol as was used for preparing the 
other esters. The cause of the difference can, therefore, be found only 
in the struchwe of the fatty acid-residue, which contrary to that of 
the other esters, is branched. 

All this induced me, to prepare the analogous ester of isovaleric 
acid ; perhaps it might be shown also here that the branching of the 
carbon-chain of the acid destroys the phenomenon of the anisotro- 
pous liquid phase. At first I thought this was indeed the case, but 
a more accurate observation showed that in the rapid cooling there 
oceurs, if only for an indivisible moment, a labile anisotropous 
liquid; the duration, however, is so short that, for a long time, I 
was in doubt whether this phase ought to be called stable or labile 
as in the case of the formiate and caprylate! Even though the carbon- 
branching does not cause a total abrogation of the phenomenon of 
liquid erystals, the realisable traject appears to become so much smaller 
by that branching, that it almost approaches to zero, and the expected 
phase is, moreover, even still labile. From all this I think we may 
conclude, as has been stated more than once by otbers, that the occur- 
rence of the liquid phases is indeed a inherent property of the 
matter, which cannot be explained by the presence of foreign admix- 
tures ete. (TAMMANN c. S.). 


$ 7. We now give the melting points of the analogous phytosterol- 
esters which, with one exception, do not exhibit the phenomenon of 
the double-refracting liquids. As the phytosterols from different vege- 
table fats seem to differ from each other, and as BömkR does not 
mention any phytosterol esters from Calabar-fat in particular, I have 
indicated in the second column only the Zömits within which the melting 
points of the various esters prepared by him from diverse oils, vary. 
(See table following page.) 

From a comparison of the two tables it will be seen that the lowering 
of the melting point of phytosterol by the introduction of fatty acid- 
residues of increasing carbon-content, takes place much more rapidly 
than with cholesterol. On the other hand, the succession of (he melting 
points of the acetate, propionate, butyrate and n-valerate is more 
regular than with the cholesterol-derivates. 


All phytosterol-esters share witlı phytosterol itself the great ten- 
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II. FATTY ESTERS OF PHYTOSTEROL. 
ee ee 
e Limits according to 
BöMER: 
ee ee EEE ER 
Phytosterol-Formiate 110° 103°—113° 
Phytosterol-Acetate 1299.41 123°—135° 
Phytosterol-Propionate 105°.5 104°—116° 
Phytosterol-Butyrate 91°.2 85° — 90° 
Phytosterul-Isobutyrate 4172 — 
Plıytosterul-norm.-Valerate ir See — 
Phytosterol-Isovalerate 10091 — 


dency to erystallise from the melted mass in sphaerolites; with an 
increasing carbon-content of the fatty acid-residue, these seem gene- 
rally to become smaller in eircumference. 

The formiate crystallises particularly beautifully; this substance 
possesses, moreover, two solid modifications, as has been also stated 
by Prof. Lenmans, who is of opinion that these two correspond with 
the two solid phases of the cholesterol-derivative. In the phytosterol- 
ester the sphaerolite-form is the more-labile one. 

On the other hand, when recrystallised from monobromonaphthalene 
or almond-oil, they form under the microscope well-formed needle- 
shaped erystals which, however, are always minute. Probably, we 
are dealing in all these cases with polymorphism. I have also often 
observed whimsical groroths and dendritices. 

A diffieulty occurred in the determination of the melting point of 
the normal valerate. It melts, over a range of temperature at about 
67°1, but if the mass is allowed to cool until solidified, the ester 
fuses to a clear liquid when heated to 30°. This behaviour is quite 
analogous to that observed with a few glycerides of the higher fatty 
acids, for instance with Trilaurin and Trimyristin by Scukr. ') 

After half an hour the melting point had risen again to 53'/, and 
after 24 hours to 67°. After 24 hours, small white sphaerolites had 
deposited in the previously coherent, scaly and slightly double-refrac- 
ting layer on the objeet glass, which exhibited the dark cross of the 
phytosterol. In order to explain this phenomenon, I think I must 
assume a dimorphism of the solid substance. Moreover, liquid crystals 
are formed here, as has also been observed by Prof. LEHMANN. 


1) Schey. Dissertatie, Leiden (1899) p. 51, 54. 
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According to Prof. Lenmann, normal phytosterol-valerate forms 
very beautiful liquid erystals, which are analogous to those of chole- 
sterol-oleate ; like these they are not formed until the fused mass is 
undercooled. Consequently, the anisotropous liquid phase is here also 
labile in regard to the isotropous one. 

I do not think it at all improbable that the changes in the melting 
points observed by Scuzr with his higher tryglicerides also owe 
their origin to the occurrence of labile, double-refraeting liquid phases. 
A further investigation is certainly desirable. 


$8. We now arrive at the discussion of the mutual behaviour 
of both series of fatty esters in regard to each other. 

It has been sufficiently proved by Bömer that the meltingpoint- 
line of cholesterol and of phytosterol is a rising line. In connection 
with Mücer’s and my own crystal determinations we should have 
here indeed a gradual mixing between heterosymmetric components ! 
In mixtures which contain about 3 parts of cholesterol to 1 part 
of phytosterol, the microscopical research appears to point to a new 
solid phase, which seems to cerystallise in trigonal prisms. This com: 
pound (?) also oceurs with a larger proportion of cholesterol '). Whether 
we must conelude that there is a miscibility of this new kind of 
erystal with both components, or whether an eventual transformation 
in the solid mixing phases proceeds so slowly that a transition 
point in the meltingpoint-line escapes observation, cannot be decided 
at present. 

The. matter is of more interest with the esters of both substances. 
According to Bömer ’) the formiates give a meltingpoint-line with a 
eutectie point; the acetates, however, a continuously rising melting 
point-line. 

The method of experimenting and the theoretical interpretation is, 
however, rather ambiguous, as BöMrER prepares mixed solutions of 
the compönents, allows these to erystallise and determines the melt- 
ingpoint of the solid phase first deposited. By his statement of the 
proportion of the components in the solution used, he also gives an 
incomplete and confusing idea of the connection between the melting- 
point and the concentration. 

Although a rising of the binary meltingpoint-line may, of course, 
be ascertained in this manner quite as well as by other means 
— and Bömer’s merit certainly lies in the discovery of the fact 


!) Compare Bönmer, Z. f. Nahr. u. Gen. M. (1901) 546. 


?) Bömer, Z. f. Nahr. u. Gen. Mitt. (1901) 1070. In connection with the dimor- 
of the formiates, a mixing series with a blank is however very probable in 
this case. 
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itself — the determination of the binary' meltingpoint-line must be 
reckoned faulty as soon as it is to render quantitative services, which 
is of importance for the analysis of butter ; for if the meltingpoint- 
curve is accurately known, the -quantity of phytosterol added may 
be caleulated from tbe elevation of the melting point of the cholesterol 
acetate. I have, therefore, now determined the binary melting point 
line in the proper manner. (Fig. 4. 


Fig. 4. 
Cholesterol-, and Phytosterol-Acetate. 

Although the eurve takes an upward course it still deviates con- 
siderably from the straight line which conneets the two melting- 
points. As the course of the curve from 40 °/, cholesterol-acetate to 
0°/, is nearly horizontal, it follows that the composition of mixtures 
can be verified by the melting-point, when the admixture of phytosterol 
in the animal fat does not exceed 60 °/,. The results are the most 
accurate when the quantity of phytosterol-ester') amounts to 2°/, —40°/.. 
In practice, this method is therefore applicable in most cases. The 
cholesterol-acetate used in these experiments melted at 112.°8; the 


phytosterol-acetate at 129.°2. 
A mixture of 90 °/, Cnol. Acet. — 10 °, Phyt. Acet. melts at 117° 


» » »80 » » » +%0 >» » » » .» 12.5 
» » DELL ITED, » +37» » » 20294129,°5 
» » »60 » » » I ».» » » 9» 12350 
» » » 24» » » .4+576» » » a DR 
» » ON 8) ur, „u. RE SO Te ».» 129.4 
» » ee) » +90 » » » 2» 0429,29 


1) It should be observed that although Böner, in several parts of his paper, 
recommends the said method for qualitative purposes only, it is plain enough in 
other parts that he considers the process suitable for quantitative determinations 
in the case of small concentrations. In his interpretation of the melting point line 
{his is, however not the case, for his experiments give no explanation as to the 
mixing proportion of the components in mixtures of definite observed melting point. 
Quantitative determinations are only rendered possible by a complete knowledge of 
the binary melting point line. When the concentration of cholesterol-acetate is 
0,5 — 1%/,, the meltingpoint is practically not altered ; when it is 20%, however, 
the amount is easy to determine. 
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Probably, a case of isomorphotropous relation occurs here with 
the acetates; both esters are, probably, monoclinie, although this is 
not quite certain for the cholesterol-ester. This is pseudotetragonal and 

according to Von ZupHAarovich: monoelinic, with = 73°38'; 
according to OBERMAYER: trielinie, with —=106°17', a=90°20', „=90°6', 
while the axial relations are 1,85:1: 1,75. 

The phytosterol-ester has been approximately measured microsco- 
pieally by Beykıro# and seems to possess a monoclinie or at least a 
trielinie symmetry with monoclinie limit-value. In my opinion both 
compounds are certainly not isomorphous. In any case it might be 
possible that even though a direet isomorphism does not exist in 
the two ester-series, there are other terms which exhibit isomor- 
photropous miseibility in an analogous manner, as found for the ace- 
tates by Bömer. I have extended the research so as to include the 
isovalerates ; the result however is negative and the case of the 
acetic esters seems to be the only one in this series. 

The following instance may be quoted : 

31.8°/, cholesterol-butyrate + 68,2°/, phytosterol-butyrate indicate 
for t, 81° and for t, 83° etc. etc. 

For the formiates, the lowering had been already observed by BÖMER; 
other esters, also those of the iso-acids behave in an analogous 
manner: at both sides of the melting-diagram oceurs a lowering of 
the initial melting points. It is, however, highly probable that in 
some, perhaps in all cases, there exists an isodimorphotropous mixing 
with a blank in the series of the mixed crystals. 

The anisotropous liquid phase of cholesterol-esters gives rise in this 
case to anisotropous liquid mixed erystals. I just wish to observe that 
for some of the lower-melting esters, such as the butyrate, capronate, 
caprinate, normal valerate, etc., the temperature £, for these mixed 
erystals may be brought to about 50° or 60° or lower and this ereates 
an opportunity for studying liquid mixed erystals at such tempera- 
tures, which greatly facilitates 'mieroscopical experiments. 

In all probability, I shall shortly undertake such a study of these 
substances. Of theoretical importance is also the possibility, to which 
Prof. BakHvıs Ro0zEBooM called my attention, that in those substances 
where i, answers to the more-labile condition, the at first more labile 
liquid mixed crystals, on being mixed with a foreign substance, 
become, finally, stable in regard to the isotropous fused mass. Expe- 
riments with these preparations, in this sense, will be undertaken 
elsewhere. Perhaps, a study of the low-melting derivatives or else a 
similar study of the low-melting liquid mixed erystals by means of 
the ultra-mieroscope might yield something of importance. 

Zaandam, May 1906. 
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Physics. — ‘“Researches on the thermie and electric conductivity 
power of erystallised conductors.” I. By Dr. F. M. Jauckr. 
(Communicated by_Prof. H. A. Lorkxtz). 


(Communicated in the meeting of May 26, 1906). 


1. Of late years, it has been attempted from various sides to 
find, by theoretical means, a connection between the phenomena of 
the thermie and electrie conductivity of metallic conductors, and this 
with the aid of the more and more advaneing electron theory. 

In 1900 papers were published successively by P. Drupk '!), J. J. 
Thomson ’) and E. Rırck£ ’) and last year by H. A. Lorentz '). 

One of the remarkable results of these researches is this, that 
the said theory has brought to light that the quotient of the electric 
and thermie conductivity power of all metals, independent of their 
particular chemical nature, is a constant, directly proportional to the 
absolute temperature. 

When we assume that the electrons in such a metal can move 
freely with a velocity depending on the temperature, such as happens 
with the molecules in ideal gases and also that these electrons 
only strike against the much heavier metallic atoms, so that in other 
words, their mutual collision is neglected, whilst botb kinds of 
particles are considered as perfectly elastic globes, the quotient 
of the thermie conductivity power A and the electric conductivity 
power o may be indeed represented by a constant, proportional to 
the absolute temperature 7. 

The theories of Drupe and Lorentz only differ as to the ab- 


2 4 (a\? 
solute value of the quotient; according to DrupE er os dr 


Bas" 
according to LORENTZ — = 3 (2) T. In these expressions A, 0 and 
6 e 


T have the above cited meaning,;, whilst « is a constant and e 
represents the electrie charge of the electron. 
By means of a method originated by KOHLRAUSCH, JAEGER and 


2; 
DiesseLHorst have determined experimentally the values for = with 


ı) P. Drupe, Ann. Phys. (1900). 1. 566; 3. 869. 

2, J. J. Tuomson, Rapport du Congres de physique Paris (1900). 3. 138. 

3) E. Rıscke, Ann. Phys. Chem. (1898). 66. 853, 545, 1199; Ann. Plıys. (1900). 
2. 835. 

s) H. A. Lorentz, Proc. 1905, Vol. VII, p. 438, 585, 684. 
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various metals '). The agreement between theory and observation is 
in most cases quite satisfactory, only here and there, as in the case 
of bismuth ?), the difference is more considerable. From their meas- 
urements for silver at 16°, the value 47 X 10° may be deduced in 


r 


a . 
C.G.S. units, for the expression — . (Compare LorENTZ, loco eit. 
e 


p. 505); according to Drupe’s formula: 38 X 10°. 


$ 2. I hope, shortly, to furnish an experimental contribution 
towards these theories by means of a series of determinations of an 
analogous character, but more in particular with erystallised con- 
ductors, and in the different directions of those erysta)-phases. 

If we take the most common case in which may be traced three 
mutual perpendicular, thermie and electrie main directions in such 
erystals, the propounded theories render it fairly probable for all 
such conducting erystals (hat: 

da = Ay = de and therefore also: Ar: Ay: 32 = 0,:0y: 6. 
04. 05.7.0 

In conducting erystals, the direetions of a greater electric con- 
ductivity should, therefore, not only be those of a greater thermie 
eonductivity, but, theoretically, the quotient of the electric main- 
conductivities should be numerically equal to that of the thermie 
main-conductivities. 

Up to the present but little is known of such data. The best 
investigated case is that of a slightly titaniferous Haemitate of 


!) W. Jaeger und DiesserHuorst, Berl. Sitz. Ber. (1899). 719 etc. Comp. REınaanum, 
Ann. Phys. (1900) 2, 398. 

2) With Al, Cu, Ag, Ni, Zn, the value of . at 18° varies between 636 x 108 
and 699 X 10°; with Cd, Pb, Sn, Pt, Pd between 706 X 10% and 754% 10%; with 
Fe between 802 and 832 X 10%, therefore already more. With bismuth x at 
18° — 962 X 10%. Whilst in the case of the other metals mentioned the x of 
x at 100° and at 18° are in the average proportion of 1,3:1, with bismuth the 


proportion is only 1.12. In their experiments, Jaeger and DiesseLnorsr employed 
little rods, and bearing in mind the great tendency of bismuth to crystallise, their 
results with this metal cannot be taken as quite decisive, as the values of the 
electric and thermic conductivity power in the chief directions of erystallised bis- 
muth differ very considerably. 
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Swedish origin which has been investigated by H. BäckströM and 
K. Ansström ') as to its thermie and eleetrie conductivity power. 
In this ditrigonal mineral, they found for the quotient of the thermie 
conductivity power in the direction of the chief axis (c) and in that 
perpendicular to it (a) at 50°: 

SER 

% 

For the quotient of the electric resistances w at the same tempe- 

rature they found: 


= 1.78, and, therefore: ee 1.78. 
Wa Öc 

From this it follows that in the case of the said conductor, the 
theory agrees with the observations as to the relation between the 
eonductivity powers only qualitatively, but not quantitatively, and 
— contrary to the usually occurring deviations — the proportion of 
the quantities A is smaller than that of the quantities ©. 

JANNETTAZ’S empirical rule, according to which the conductivity for 
heat in crystals is greatest parallel to the directions of the more 
complete planes of cleavage, applies here only in so far as haematite 
which does no? possess a distinet plane of cleavage, may still be 
separated best along the base {111} (MıLLer), that is to say parallel 
to the plane of the directions indicated above with a. 


$ 3. In order to enrich somewhat our knowledge in this respect 
the plan was conceived to investigate in a series of determinations 
the thermie and electrie conductivity-power of some higher and also 
of some lower-symmetrical erystalline conductors, and, if possible, 
of metals also. For the moment, I intend to determine the quotient 
of the conductivities in the different main directions, and afterwards 
perhaps to measure those conductivities themselves in an absolute 
degree. 


I. On the thermic and electric conductivities in erystallised Bismuth 
and in Haematite. 

Measurements of the thermie and electric conductivity of bismuth 
are already kuown. 

Martsvccı ?) determined the thermie conductivity, by the well- 


ı) H. Bäckström and K. Äneströn, Ofvers. K. Vetensk. Akad. lörh. (1888). 
No. 8, 533; Bäcksrrös, ibid. (1894), No. 10, 545. 
®%) Marteuccı, Ann. Chim. et Phys. (3). 43. 467. (1855). 
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well-known method of Inerxnousz, by measurement of the length 
of the melted .off waxy layer which was put on the surface of 
eylindrical rods of bismuth, cut // and | to the main axis, whilst 
the one end was plunged into mercury heated at 150°. For the 
average value of the quotient of the main conductivities — perpen- 
dieular and normal to the main axis — he found the value 1,08. 
JannerTAz’s rule applies in this case, because the complete cleavability 
of ditrigonal bismuth takes place along {111} (Mırner), therefore, 
perpendieularly to the main axis. Jannertaz ‘) has applied the 
Sfnarmont method to bismuth. He states that in bismuth the ellipses 
have a great eccentrieity but he did not take, however, exact 
measuremenis. 

A short time ago, Lownps?) has again applied the S£narmont method 
to bismuth. He finds for the quotient of the demi-ellipsoidal axes 
1.19 and, therefore for the quotient of the conductivities 1.42. 

The last research is from PrrroT’). By the SEnarmonT method 
he finds as the axial quotient of the ellipses about 1.17 and conse- 
quently for the quetient of the conductivities and // axis 1.368, 
which agrees fairly well with the figure found by Lownps. Secondly, 
PErRoOT determined the said quotient by a method proposed by 
C. SorrT, which had been previously recommended by THouLET‘), 
namely, by measuring the time which elapses between the moments 
when two substances with known melting points 9, and 9, placed 
at a given distance at different sides of a block of the substance 
under examination begin to melt. As indices were used; «-Naphtyla- 
mine (#= 50° C.), o-Nitroaniline ($ = 66° C.), and Naphthalene 
919. Cr 

As the mean of all the observations, PrrroT finds as the quotient 
of the main conductivities 1,3683, which agrees perfectly with his 
result obtained by SENARMONT’s method. 

He, however, rightly observes that this concordance between the 
two results is quite an accidental one, and that the method of THouLET 
and SorkT must not be considered to hold in all cases. The proof 
thereof has been given by CaAıLLER in a theoretical paper ;°) the 
agreement is caused here by the accidental small value of a quotient 


lo. 
zin which 7 represents the thickness of the little plate of bismuth 


I) Jannertaz, Ann. de chim. phys. 29. 39. (1873). 

2) L. Lownos, Phil. Magaz. V. 152. (1903). 

3) L. Perror, Archiv. d. Science phys. et nat. Geneve (1904. (4). 18, 445. 
#) Tuovrer, Ann. de Chim. Phys. (5). 26. 261. (1882) 

5) G. Cauzer, Archiv. de Science. phys. et nat. Geneve (1904). (4). 18. 457. 


(9) 
and A and % the coefficients of external and internal conductivity. 


$ 4. 1 have endeavoured to determine the quotient of the chief 
eonductivities by the method proposed by W. Vorer. 

As is wellknown, this method is based on the measurement of 
the angle, formed by the two isotherms at the line of demarcation 
between two little plates which have been joined to an artificial 
twin, when the heat current proceeds along the line of demarcation. 
If 2, and 2, are the two chief conductivities of a plate of bismuth 
cut parallel to the erystallographic main axis, and ifthe angle which 
the two main directions form with the line of demarcation equals 
45°, then according to a former formula’): 

A, ee 
a” ee] (# En vr 

$ 5. The bismuth used was kindly furnished to me by Dr. F. L. 
PERROT, to whom I again wish to express my hearty thanks. 

The prism investigated by me is the one which Dr. PErroT in 
his publications?) indicates with M, and for which, according to 


Aa 5 
SENARMONT’s method, he found for 2 the value 1,390. The prism 


c 


given to Dr. van EVvERDINGEN yielded in the same manner for 


5 the value 1,408. 


C 

Two plates were cut parallel to the crystallographie axis, in two 
directions forming an angle of 90° and these were joined to twin 
plates with $ = 45°. 

It soon appeared that in this case the VoıGT method ?) was attended 
by special difficulties which, as Prof. Voigt informed me, is generally 
the case with metals. First of all, it is diffieult to find a coherent 
coating of elaidie acid + wax; generally the fused mixture on the 
polished surface forms droplets instead of congealing to an even 
layer. Secondly, the isotherms are generally curved and their form 
presents all kinds of irregularities, which are most likely caused 
by the great specific conductivity of the metals, in connection with 
the peculiarity just mentioned. On the advice of Prof. Vorsr I 
first covered the metallic surface with a very thin coaling of 
varnish; this dissolves in the fused acid, and causes in many cases 
a better cohesion, but even this plan did not yield very good results. 

1) These Proceedings. (1906). March p. 797. 


®) p. 4, nole 10. 
3) Voısr, Göttinger Nachr. (1896). Heft 3, p. 1—16; ibid. (1897). Heft 2..1—5 
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However, at last, I succeeded in getting a satisfactory coating of 
the surface by substituting for white wax the ordinary, yellow 
bees-wax. This contains an adhesive substance probably derived 
from the honey, and, when mixed in the proper proportion with 
elaidie acid it yields the desired surface coating. 

I have also coated ') the bottoms of the plate and the sides, except 
those which stand _L on the line of demarcation with a thick layer 
of varnish mixed with mereury iodide and copper iodide. During the 
operation the heating was continued to incipient darkening (about 70°). 

The plates should have-a rectangular or square form, as otherwise 
the isotherms generally become curved. 

It is further essential to heat rapidly and to raise the copper bolt 
to a fairly high temperature; the isotherms then possess a more 
straight form and give more constant values for e. 

I executed the measurements :on the double object table of a 
LEHmanN’s erystallisation microscope on an object glass wrapped in 
thick washleather, to prevent the too rapid cooling and solidification 
of the coating. 

After numerous failures, I succeeded at last in obtaining a long 
series of constant values. As the mean of 30 observations, I found 
e— 22°12’ and therefore: 


da — 1,489. 
X 

$ 6. The value now found is somewhat greater than that found 
by Perror. I thought it would be interesting to find out in how 
far a similar deviation was present in other cases, and whether when 
compared with the results obtained by the methods of SENARMONT, 
JANETTAZ and ROENTGEN, it has always the same direction. 

In fact, the investigation of many minerals has shown me that 
all values obtained previously, are smaller than those obtained by 
the process described here. 

I was inclined at first to believe that these differences were still 
greater than those which are communicated here. Although a more 
extended research, including some plates kindly lent to me by Prof. 
VoisT, showed that these differences are not so serious as ] suspected, 
at first the deviation exists always in the same direction. 

For instance, I measured the angle e of a plate of an Apatite- 
crystal from Stillup in Tyrol and found this to be 17°. From the 


') Rıcuarz’s method of experimenting (Naturw. Rundschau, 17, 478 (1902)) did 
not give sufficiently sharply defined isotherms and. was therefore not applied. 
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position of the isotherms it also follows that A. > 2. so that % 1,3% 
In a quartz-plate obtained from Prof. Vorst I found Br — 30}°, 


% 3 RER 
therefore ans 1,75. In a plate ‚of Antimonite from Skikoku in Japan 
a - 


Ze 
cut parallel to the plane {010}, „was found to be even much larger 


than 1,74, which value is deduced from the experiments of S£NARMONT 
and JANNETTAZ as they find for the quotient of the demi ellipsoidal 
axes 1.32. 

For Apatite they find similarly 1,08, for quartz 1,73, whilst 
Tuchschmipt determined the heat-conductivity of the latter mineral 
according to WeBEr’s method in absolute degree. His experiments 


LP 
give the value 1,646 for the quotient = 
The deviations are always such that if A, >A, the values of the 


2 

quotient 2 turn out to be /arger when VoısT’s method is employed 
2 

instead that of DE SEnArMmoNT. The method employed here is, however, 


so sound in principle, and is so much less liable to experimental 
errors, that it certainly deserves the preference over the other processes. 

Finally, a sample of Haematite from Elba was examined as to 
its conducting power. A plate cut parallel to the c-axis was found 
not to be homogeneous and to contain gas-bubbles. I repeatedly 
measured the angles e of a beautifully polished preparation of Prof. 
Voıst, and found fairly constantly 103°, whilst the position of the 
isotherms showed that Aa was again larger than }.. 


2 
For the Alaematite we thus obtain the value: ; = 1,202. The 


Ce 
value found by BäÄckström and AnsströM for their mineral with the 
aid of ChHrıstiansen’s method was 1,12. In this case the deviation 
also occurs in the above sense. 
From the experiments communicated we find for the quotient 


2) 2 
%a:%. in both crystal phases, if by this is meant (4) - (5) the 


values: 
With Bismuth : = = .1.128, | 


c 


malte. = — 1480. 


%c 


2 
In this my measurements of — are combined with the best value 
c 


(%) 


; 6 
found by van EvERDINGEN ‘) with PERROT’S prism, namely — —.1,68, 
c 


and with the value found by the Swedish investigators for haematite: 
1,78:at-507.Q, 


7. If there were a perfect concordance between theory and 


: : Ka wu _ A 
observation, we should have in both cases — —=1. The said values 


%c 
1,128 and 1,480 are, therefore, in a certain sense a measure for 
the extent of the divergence between the observation and the con- 
clusion which is rendered probable by the eleetron theory. 

In the first place it will be observed that the agreement is much 
better with dismuth than with haematite. However, this may be 
expected if we consider that the theory has been proposed, in the 
first instance, for metallic conductors. The influence of the peculiar 
nature of the ozxide when compared with the true metal is shown 
very plainly in this case. 

The question may be raised whether, perhaps, there may be 
shown to exist some connection between the crystal structure and 


3 a : . *Ra 
the chemical nature on one side, and the given values of — on the 
*c 


other side. 

Such a connection would have some significance because it may 
be, probably, a guide for the detection of special factors situated in 
the erystalline structure, which stand in the way of a complete 
agrement of electron theory and observations. 


$ 8. First of all, it must be observed that we are easily led to 
compare the structures of the two phases. Both substances inves- 
tigated erystallise ditrigonally and have an analogous axial quotient; 
for bismuth: arc = 1:1,3035 (G. Rose); for haematite a:c — 
1:1,3654 (Meuczer). In both “substances, the habit is that of the 
rhomboid, which in each of them approaches very closely to the 
regular hexahedron. The characteristice angle « is 87°34’ for bismuth 
for haematite 85°42’. Particularly in bismuth the pseudo-eubic 
construction is very distinct; the pianes of complete cleavage which 
answer the forms {111} and {111} approach by their combination the 
regular octahedron in a high degree. Although haematite does not 


I) van Everoingen, Archives Neerland. (1901) 371; Versl. Akad. v. Wet. (1895 — 
1900); Comm. Phys. Lab. Leiden, 19, 26, 37, 40 and 61. See Archiv. Neerl. 
p: 452; rods No. 1 and No. 5. 
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possess a perfect plane of cleavage, it may be cleaved in any case 
along {111} with testaceous plane of separation. It admits of no doubt 
that the elementary parallelepipeds of the two erystal structures are 
in both phases pseudo-eubie rhombohedral configurations and the 
question then rises in. what proportion are the molecular dimensions 
of those cells in both erystals ? 

If, in all cerystal-phases, we imagine the whole space divided 
into volume-units in such a manner that each of those, everywhere 
Joined, mutually congruent, for instance eubie elements, just contains 
a single chemical molecule, it then follows that in different erystals 


s A 
the size of those volume elements is proportionate to z in which 


M represents the molecular weight of the substances and d the 
sp.gr. of the erystals. If, now, in each crystal phase the content 
of the elementary cells of the structure is supposed to be equal to 


M 
this equivalent-volume = the dimensions of those cells will be reduced 


for all cerystals to a same length unit, namely all to the length 
of a cubic-side belonging to the volume-element of a crystal phase, 
whose density is expressed by the same number as its molecular 


M 
weight ; then in that particular case N —1. If we now calculate 
the dimensions of such an elementary parallelopiped of a Bravaıs 
M 
structure whose content equals the quotient = and whose sides are 


in proportion to the crystal parameters a:5:c, the dimensions 
% vw and w thus found will be the so-called topic parameters of the 
phase which, after having been introduced by Bzcke and MuTHMAnN 
independently of each other, have already rendered great services 
in the mutual comparison of chemically-different erystal-phases. In 
the particular case, that the elementary cells of the erystal-structure 
possess a rhombohedral form, as is the case with ditrigonal erystals, 
the parameters %, y and ® become equal to each other (= eg). The 
relations applying in this case are 


& sin — 
V 3 has 2 
= | —— |, sın — = ——. 
\ sin? a.sin A = 2 sin & 
If now these caleulations are executed with the values holding 
here: Bi—= 207,5; Fe,0, — 159,64; dp; —= 9,851 (Purror); dpa, 0, — 4,98, 
then 


Proceedings Royal Acad. Amsterdam. Vol. IX. 
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Vg; = 21,064 and Vy.,0,— 32,06, 
and with the aid of the given relations and the values for « and A 
we find for each phase: ') 
0 2,7641 
= 3,1858° 


Pre, O3 
If now we just compare these values for the sides of the rhom- 
bohedral elementary cells of the erystal structure with those of the 


% . 

quotients — in the two. phases, they curiously enough show the 
%c 

following relation: 


% % 
(2) - (&) = 9.0 ea 
%c / Fe, 03 %c/ Bi Fe, O3 Bi 


Allowing for experimental errors, the agreement is all that can 
be desired: in the first term of the equation the value is exactly: 
1.312, in the last term: 1,328. 


* 
In our case the quotient — may therefore be written for both 
*c 


phases in the form: C.0°, in which C is a constant independent of 
the particular chemical nature of the phase. 
Instead of the relation 
0,°:0,,, perhaps 0,’ sin a, : 0,’ sin a, = 1.305 
is still more satisfactory. These expressions, however, represent 
nothing else but the surface of the elementary mazes of the three 
chief planes of the trigonal molecule structure, for these are in our 


: 5 Ka . 
case squares whose flat axis =«. The quotient — in the two 
%c 


phases should then be directly proportional to the reticular density 
of the main net-planes of Bravaıs’s structures. 

A choice between this and the above conception cannot yet be 
made, because «, and «, differ:too little from 90°. Moreover, a further 
investigation of other crystals will show whether we bave to do 
here with something more than a mere accidental agreement. Similar 
investigations also with lower-symmetrie conductors are at this 
moment in process and will, I hope, be shortly the subject of further 
communications. 


Zaandam, May 1906. 


) For bismuth «= 87°:34' and A=87°40': for haematite & = 85°42! and 
A=86°0. The angle A is the supplement of the right angle on the polar axes 
of the rhombohedral cells and z is the flat angle enclosed between the polar axes. 
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Chemistry. — “Three-phaselines in chloralaleoholate and aniline- 
hydrochloride”. By Prof. H. W. Baknvıs RoozkBoom. 


lt is now 20 years_since the study of the dissociation pheno- 
mena of various solid compounds of water and gases enabled me 
to find experimentally the peculiar form of that three-phaseline which 
shows the connection between temperature and pressure for binary 
mixtures in which occeurs a solid compound in presence of solution 
and vapour, The general significance of that line was deduced, 
thermodynamically, by van DER WaaLs and the frequency of its 
occurrence was proved afterwards by the study of many other 
systems. 

That this three-phaseline is so frequently noticed in practice in 
the study of dissociable compounds is due to the circumstance that, 
in the majority of the most commonly occurring cases, the volatility 
of the two components or of one of them, is so small, that at the 
least dissociation of the compound both liquid and vapour occur in 
its presence. 

In the later investigations, which have led to a more complete 
survey of the many equilibria which are possible between solid 
liquid and gaseous phases, pressure measurements have been 
somewhat discarded. When, however, the survey as to the connec- 
tion of all these equilibria in binary mixtures got more and more 
completed and could be shown in a representation in space on 
three axes of concentration, temperature and pressure, the want was 
felt to determine for some equilibria, theoretically and also experi- 
mentally, the connection between temperature and pressure, in order 
to fill up the existing voids. 

Of late, the course and the connection of several p,t-lines, have 
been again studied by van DER Waars, Smits and myself either 
qualitatively or qualitative-quantitatively. 

To the lines, which formerly had hardly been studied, belonged 
the equilibria lines which are followed, when, with a constant 
volume, the compound is exposed to change of temperature in presence 
of vapour only. They can be readily determined experimentally only 
when the volatility of the least volatile component is not too small. 
STORTENBEKER at one time made an attempt at this in his investigation 
of the compounds of iodine with chlorine, but did not succeed in 
obtaining satisfactory data. | 

In the second place it was desirable to find some experimental 
confirmation for the peculiar form of the three-phaseline of a 
compound, recently deduced by Smirs for the case in which a 

7x* 
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minimum occurs in the pressure of the liquid mixtures of its 
components. 

Mr. LroroLn has now sacceeded in giving experimental contributions 
in regard to both questions, by means of a series of very accurately 
conducted researches where chloralaleoholate and anilinehydrochloride 
occur as solid compounds. 

Solid compounds which yield two perceptibly volatile components 
(such as PCI,, NH,.H,S, PH,.HCl, CO,.2 NH, etc.) have been investi- 
gated previously, hut either merely as to their condition of dissociation 
in the gaseous form, or-as to the equilibrium of solid in presence 
of gaseous mixtures of different concentration at constant temperature; 
but liquids occur only at higher pressures, so that the course of 
the three-phase lines had never been studied. 

These two compounds were selected because in their melting points 
neither temperature nor pressure were too high. Moreover, the diffe- 
rence in volatility of the two components in the first example (chloral 
—- alconol) was much smaller than in the second (aniline + hydrogen 
chloride). It was also safe to conclude from the data of both com- 
pounds that the liquid mixtures of their components would show a 
minimum pressure. 


_ 
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This last point was ascertained first of all by a determination of 
the boiling point lines, in which a maximum must occur. In both 
cases this was found to exist and to be situated at the side of the 
least volatile component, respectively chloral or aniline. 

The investigation .of the three-phase lines showed first of all that 
these possess the expected form in which two maxima and one 
minimum of pressure oceur. 

In the first system (Fig 1) CFD is the three-phase line, T and T, 
are the respective maxima for the vapour pressure of solutions with 
excess of either alcohol or chloral and saturated with chloralalco- 
holate; the minimum is situated very close to the melting point F. 

In the second system (anilinehydrochloride Fig. 2) the first maxi- 
mum, in presence of excess of HCl is situated at such an elevated 


EN 
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pressure that this has not been determined, the second T, at a 
moderate pressure is situated at the side of the aniline. The minimum 


T, is situated at the same side and is removed further from the 
melting point than in Fig. 1. 
T, minimum F melting point 
p 16 cM. 22.5 cM. 
t. 197° 199°2 


The determination of these lines and also that of the equilibria- 
lines for compound + vapour or liquid —+ vapour which also occur 
in both figures can only take place on either side of point F, for 
in measuring the pressures, we can only have in the apparatus 
a larger, or smaller, excess of either component. Moreover, it is 
possible to fill the apparatus with the compound in a dry and pure 
eondition. In the ease of the compounds employed, this was attained 
by preparing very pure cerystals by repeated sublimation in vacuo. 

In the second example, the sublimation line Z@ of aniline hydro- 
chloride was thus determined. On this line then follows the piece 
GF of the three-phase line, because beyond G, no vapour can exist 
which has the same composition as the compound, except in the 
presence of some excess of HCl, so that a little liquid is formed 
with a slight excess of aniline. If, however, the apparatus is properly 
filled with the compound so that there remains but little space for 
the vapour then the three-phase line @ may be traced to very near 
the melting point 7, where one passes on to the line F'A, for the 
equilibrium of the fused compound with its vapour. 

We have here, therefore, the first experimental eonfirmation of 
the normal suecession of the p»,Z-lines when those are determined 
with a pure compound which dissociates more or less. 

Theoretically, the minimum 7, in the three-phaseline must be 
situated at the left of the terminal point @ of the sublimationline. 
The difference here, although small, is yet perfeetly distinet: 


I (* 
p 16 cM. 16.5 ceM. 
2197 198° 


In the case of chloralaleoholate the points 7, and @ both coineide 
so nearly with 7 that this point is practically undistinguishable from 
the triple point of a non-dissociating compound, both LF and FA, 
or their metastable prolongation FA’ appear to interseet in F. Moreover, 
the investigaion of the melting point line proved that chloralaleo- 
holate in a melted condition is but little dissoeiated. 
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In both compounds the p,t-lines have also been determined with 
excess of chloral or aniline. A very small quantity of these suffices 
to cause the occurrence of liquid in presence of the compound at 
temperatures far below-the melting point and we then move on the 
lowest branch of the three-phaseline. 

In the case of a slight excess of chloral (Fig. 1) this was followed 
from D over 7, to F, just a little below the melting point, and from 
there one passed on to the liquid-vapour line F\A,, which was 
situated a little above FA. 

In the case of a slight excess of aniline the piece DT,T,@F, 
could be similarly followed (Fig. 2). In this occurred the minimum 7, 
whilst the piece G@/', coineided entirely with the corresponding part 
of @F, which had already been determined in the experiment with 
the pure compound. Just below / the compound had disappeared 
entirely and one passed on to the liquid-vapour line F\A,, which, 
unlike that in Fig. 1, was situated below 4. 

If the excess of the component is very trifling, liquid is formed 
only at higher temperatures of the three-phaseline, and below this 
temperature & sublimationline is determined, with excess of the 
component in the vapour, which line must, therefore, be situated 
higher than the pure sublimationline. 

With chloralaleoholate a similar line BZ (Fig 1) was determined, 
situated decidedly above ZF. At E, liquid occurred and a portion of 
the three-phaseline ZEF was followed up to a point situated so 
elosely to #' that the liquid-vapourline, which was then followed, was 
situated scarcely above FA. 

The excess of chloral was, therefore, exceedingly small, but in 
spite of this, BE was situated distinetly above Z/. The position of 
BE depends, in a large measure, on the gas-volume above the solid 
compound, as this determines the extra pressure of the excess of 
the component, which is totally contained in the same ; so long as 
no liquid oceurs. It appeared, in fact, t0 be an extremely difficult 
matter to prepare chloralaleoholate in such a state of purity that 
it exhibited the lowest imaginable sublimationline ZF, which meets 
the three-phaseline in F'. 

Similar sublimation lines may also occur with mixtures containing 
excess of alcohol. But also in this case, even with a very small 
excess of alcohol we shall retain liquid even at low temperatures 
and, therefore, obtain branch OTF of the three-phaseline. Such hap- 
pens, for instance, always when we use crystals of the compound 
which have been crystallised from excess of alcohol. They then 
contain sufficient mother-liquor. 
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We then notice the peculiar phenomenon that the compound is 
apparently quite solid till close to the melting point and we find 
for the vapour pressure the curve O’TF, whilst the superfused liquid 
gives the vapour pressureline FA, which is situated much lower. 
Rausay has found this previously without being able to give an 
explanation, as the situation of the three-phaseline was unknown 
at that period. 

In the case of anilinehydrochloride, it was not difficult, on 
account of the great volatility of HCl, to determine sublimationlines 
when an excess of this component was present. In Fig. 2 two such 
lines are determined BE and B,E,. From Z, the three-phaseline was 
followed over the piece #,H, afterwards the liquid-vapourline 7,7,. 
From E also successively E# and AI. With a still smaller excess 
of hydrogen chloride we should have stopped even nearer to F on 
the three-phaseline. 

In the case of chloralalcoholate we noticed also the phenomenon 
that a solid substance which dissociates after fusion may, when 
heated not too slowly, be heated above its meltingpoint, a case lately 
observed by Dar and ALLen on melting complex silicates, but which 
had also been noticed with the simply constituted chloralhydrate. 

An instance of the third type of a three-phaseline where the 
maximum and minimum have disappeared in the lower branch of 
the three-phase line has not been noticed as yet. 

The two types now found will, however, be noticed frequently 
with other dissociable compounds such as those mentioned above, 
and therefore enable us to better understand the general behaviour 
of such substances. 


Physics. — “On the polarisation of Röntgen rays.” By Prof. H. Haca. 


In vol. 204 of the Phil. Trans. Royal Soc. of London p. 467, 
1905 BARKLA communicates experiments which he considers as a 
deeisive proof that the rays emitted by a Röntgen bulb are partially 
polarised, in agreement with a predietion of BLoxpLoT founded upon 
the way in which these rays are generated. 

In these experiments BARKLA examined the secondary rays emitted 
by air or by some solids: paper, aluminium, copper, tin, by means 
of the rate of discharge of electroscopes. In two directions perpen- 
dieular to one another and both ofthem perpendieular to the direction 
of the primary rays, he found a maximum and a minimum for the 
action of the secondary rays emitted by air, paper and aluminium. 
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The difference between the maximum and minimum amounted to 
about 20°/,. 

I had tried to examine the same question by a somewhat different 
method. A pencil of Röntgen rays passed through a tube in the 
direction cf its axis, without touching the wall of the tube. A photo- 
graphic film, bent eylindrically, covered the inner wall of the tube 
in order to investigate whether the secondary rays emitied by the 
air particles showed a greater action in one direction than in another. 
I obtained a negative result and communicated this fact to BArKLA, 
who advised me to take carbon as a very strong radiator for secon- 
dary rays. I then made the following arrangement. 


E27 


7 


—> 
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Let S, (fig. 1) be the front side of a thick-walled leaden box, 
in which the Rönteen bulb is placed; S, and S, brass plates 
10 x 10c.m. large and 4 m.m. thick. Their distance is 15 e.m. and 
they are immovably fastened to the upper side of an iron beam. In 
the middle of these plates apertures of 12 m.m. diameter were made. 
A metal eylinder A is fastened to the back side of S,; a brass tube 
B provided with two rings /, and A, slides into it'). 

An ebonite disk Z in which a carbon bar is fastened fits in 
tube 3. This bar is 6 c.m. long and has a diameter of 14 m.m. At 
one end it has been turned off conically over a length of 2 c.m. 


l) Fig. 1 and 2 are drawn at about half their real size. 
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The aperture in S, was closed by a disk of black paper; the back 
side of A was closed by a metal cover, which might be serewed off. 
The dimensions were chosen in such a way, that the boundary 
of the beam of Röntgen rays, which passed through the apertures 
in S,, S, and S,, lay between the outer side of the carbon bar and 
the inner side of the tube B. The photographie film covering the 
inside of B was therefore protected against the direct RÖNTGEN rays. 
If we accept‘ BarkLa’s supposition on the way in which the 
secondary beams are generated in bodies of small atomie weight, 
and if the axis of the primary beam perfectly coincided with that 
of the carbon bar, then a total or partial polarisation of the RÖNTGEN 
rays would give rise to two maxima of photographie action on 
diametrically opposite parts of the film and between them two 
minima would be found. From the direction of the axis of the cathode 
rays the place of these maxima and minima might be deduced. 

A very easy method proved to exist for testing whether the primary 
beam passed symmetrically through the tube 3 or not. If namely 
the inner surface of cover D was coated by a photographie plate or 
film, which therefore is perpendieular to the axis of the carbon bar 
then we see after developing a sharply defined bright ring between 
the dark images of the carbon bar and of the ebonite disk. This ring 
could also be observed on the fluorescent screen — but in this case 
of course as a dark one, — and the Röntgen bulb could easily 
be placed in such a way, that this ring was concentrie with the 
images of the carbon bar and of the ebonite disk. 

This ring proved to be due to the rays that diverged from the 
anticathode but did not pass through the carbon bar perfectly parallel 
to the axis and left it again on the sides; these rays proved to 
be incapable of penetrating the ebonite, but were totally absorbed by 
this substance; when the ebonite disk was replaced by a carbon one, 
then the ring disappeared; it is therefore a very interesting instance 
of the selective absorption of RÖNTGEN rays'). 

When in this way the symmetrical passage of the RöNTGEN rays 
had been obtained, then the two maxima and minima never appeared, 
neither with short nor with long duration of the experiment, though 
a strong photographie action was often perceptible on the film. Such 
an action could for instance already be observed after one hour’s 
exposure, if an induction-coil of 30 cm. striking distance was used 
with a turbine interruptor. A storage battery of 65 volts was used; 


!) Take for this experiment the above described arrangement, but a carbon bar 
of 1 cm. diameter and 4 cm. long. 
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the current strength amounted to 7 amperes; the Röntgen bulb was 
soft”. 

Sometimes I obtained one maximum only or an irregular action 
on the film, but this was only the case with an asymmetrie position. 
of the apparatus. | 

From these experiments we may deduce: 15 that the primary 
RÖNTGEN rays are polarised at the utmost only to a very slight 
amount, and 2rd that possibly an asymmetry in the arrangement 
caused the maxima and minima observed in the experiments of 
BARKLA, who did not observe at the same time in two diametrical 
opposite directions. 

With nearly the same arrangement I repeated BArKLA’S experiments 
on the polarisation of secondary rays, which he has shown also by 
means of electroscopes and described Proc. Roy. Soc. Series A vol. 
77, p. 247, 1906. 


z 
= 


= 


2 


Let the arrow (fig. 2) indicate the direction of ineidence of the 
RÖNTGEN rays on the carbon plate ÄK large 8X 8 cm. and thick 
12 mm. The secondary rays emitted by this plate could pass through 
the brass tube @, which was fastened to S,. This tube was 6 cm. 
long and on the frontside it was provided with a brass plate with 
an aperture of 5 mm. It was placed within the leaden case at 8 cm. 
distance from the middle of the carbon plate; leaden screens protecte«l 
the tube against the direct action of the primary rays. In these 
experiments the above mentioned induction-coil was used with a 
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WEHNeLT interruptor; the voltage of the battery amounted to 65 Volts 
and the current to 7 Amperes. A very good photo was obtained in 
30 hours and it shows very clearly two maxima and two minima, 
the distance between the centra of the maxima is exactly half the 
inner eireumference of the tube, and it may be deduced from their 
position that they are caused by the tertiary rays emitted by the 
conic surface of the carbon bar. | 

In this experiment the centre of the anticathode, the axis of the 
carbon bar and the centre of the carbon plate lay in one horizontal 
plane, and the axis of the cathode rays was in one vertical plane 
with the centre of the carbon plate; the axes of the primary and 
the secondary beams were perpendieular to one another. According 
to BArKLA’s supposition we must expect that with this arrangement 
the maximum of the action of the tertiary rays will be found in 
the horizontal plane above mentioned. In my experiment this sup- 
position really proved to be confirmed. In order to know what part 
of the photographie film lay in this plane, a small side-tube F was 
adjusted to the outside of cylinder A, and this tube F was placed 
in an horizontal position during the experiment. A metal tube with 
a narrow axial hole fitted in tube F, so that in the dark room, 
after taking away a small caoutchouc stopper which closed #, I 
could prick a small hole in the film with a long needle through 
this metal tube and through small apertures in the walls of A and 
B. This hole was found exactly in the middle of one of the maxima. 

So this experiment confirms by a photographie method exactly 
what BarktA had found by means of his electroscopes and it proves 
that the secondary rays emitted by the carbon are polarised. 

In some of his experiments BARKLA pointed out the close agreement 
in character of primary and secondary RÖNTGEN rays; in my experi- 
ments also this agreement was proved by the radiogram obtained on 
the film placed in cover D. Not only did the secondary rays act 
on the film after having passed through the carbon bar of 6 cm., 
but also the bright ring was clearly to be seen, which proves that 
ebonite absorbs all secondary rays which have passed through carbon '). 
The ring was not so sharply defined as in the experiments with 
primary rays; this fact finds a natural explanation in the different 
size of the sources of the radiation: in the case of the primary rays 
the source is a very small part of the anticathode, in the case of 
the secondary rays it is the rather large part of the carbon plate 
which emits rays through the apertures in G and S.. 


!) The ring was perfectly concentric: the arrangement proved therefore to be 
exactly symmetrical. 
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This agreement makes it’already very probable that the Röntenn 
rays also consist in Zransversal vibrations; these experiments however 
yield a firmer proof for this thesis. If namely we accept the suppo- 
sition of BarKLA as to the way of generation of secondary rays in 
bodies with a small atomie weight, then it may easily be shown, 
that the supposition of a longitudinal vibration of the primary RönTGEN 
rays would, in the experiment discussed here, lead to a maximum 
action of the tertiary rays in a vertical plane and not in an hori- 
zontal plane, as was the case. 


Groningen, Physical Laboratory of the University. 


Chemistry. — “Triformin (Glyceryl triformate)”. By Prof. P. van 
RoMBURGH. 


Many years ago I was engaged in studying the action of oxalie 
acid on glycerol ') and then showed that in the preparation of formie 
acid by Lorın’s method diformin is produced as an intermediate product. 

Even then I made efforts to prepare triformin, which seemed to 
me of some importance as it is the most simple representative of the 
fats, by heating the diformin with anhydrous oxalie acid, but I was 
not successful at the time. Afterwards Lorın ?) repeated these last 
experiments with very large quantities of änhydrous oxalic acid and 
stated that the formie acid content finally rises to 75°/,, but he does 
not mention any successful efforts to isolate the triformin. 

Since my first investigations, I have not ceased efforts to gain my 
objeet. I confirmed Lorın’s statements that on using very large 
quantities of anhydrous oxalic acid, the formie acid content of the 
residue may be increased and I thought that the desired product 
might be obtained after all by a prolonged action. 

Repeated efforts have not, however, had the desired result, although 
a formin with a high formie acid content was produced from which 
could be obtained, by fractional distillation in vacuo, a triformin still 
containing a few percent of the di-compound. 

I will only mention a few series of experiments which I 
made at Buitenzorg, first with Dr. Nannınaa and afterwards with 
Dr. Lone. In the first, a product was obtained which had a sp.gr. 1.309 
at 25°, and gave on titration 76.6°/, of formie acid, whilst pure 
triformin requires 78.4°/,. The deficieney points to the presence of 
fully 10°/, of diformin in the product obtained. 


l) Compt. Rend. 93 (1881) 847. 
2) Compt. Rend. 100 (1885) 282. 
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In the other, the diformin, was treated daily, during a month, 
with a large quantity of anhydrous oxalie acid, but even then the 
result was not more favourable. 

The diffieulty in preparing large quantities of perfeetly anhydrous 
oxalie acid coupled with the fact that carbon monoxide is formed 
in the reaction, which necessitates a formation of water from the 
formie acid, satisfactorily explains the fact that the reaction does not 
proceed in the manner desired. A complete separation of di- and triformin 
cannot be effeeted in vacuo as the boiling points of the two compounds 
differ but little. 

I, therefore, had recourse to the action of anhydrous formie acid 
on diformin. I prepared the anhydrous acid by distilling the strong 
acid with sulphurie acid in vacuo and subsequent treatment with 
anhydrous copper sulphate. Even now I did not succeed in preparing 
the triformin in a perfectly pure condition, for on titration it always 
gave values indicating the presence of some 10°/, of diformin. 

Afterwards, when 100°/, formie acid had become a cheap com- 
mercial product, I repeated these experiments on the larger scale, 
but, although the percentage of diformin decreased, a pure triformin 
was not obtained. 

I had also tried repeatedly to obtain a erystallised product by 
refrigeration but in vain until at last, by cooling a formin with 
high formie acid content in liquetied ammonia for a long time, I 
was fortunate enough to notice a small crystal being formed in 
the very viscous mass. By allowing the temperature to rise gradually 
and stirring all the while with a glass rod, I succeeded in almost 
completely solidifying the contents of the tube. If now the cerystals 
are drained at 0° and pressed at low temperature between filter 
paper and if the said process is then repeated a few times, we 
obtain, finally, a perfeetly colourless product melting at 18°, which on 
being titrated gave the amount of formie acid required by triformin. 

The sp. gr. of the fused product at 18° is 1.320. 


n, = 1.412, 
MR. 35.22; caleulated 35.32. 


The pure product when once fused, solidifies on cooling with great 
diffieulty unless it is inoculated with a trace of the erystallised 
substance. On rapid erystallisation needles are obtained, on slow 
erystallisation large compact erystals are formed. 

In vacuo it may be distilled unaltered; the boiling point is 163° at 
38". On distillation at the ordinary pressure it is but very slightly 
decomposed. The boiling point is then 266°. A product contaminated 
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with diformin, however, cannot be distilled under those eircum- 
stances, but is decomposed with evolution of carbon monoxide and 
dioxide and formation of allyl formate. 

If triformin is heated slowly a decided evolution of gas is noticed 
at 210° but in order to prolong this, the temperature must rise 
gradually. The gas evolved consists of about equal volumes of carbon 
monoxide and dioxide. The distillate contains as chief produet allyl 
formate, some formie acid, and further, small quantities of allyl 
alcohol. In the flask a little giycerol is left‘). 

Triformin is but slowly saponified in the cold by water in which 
it is insoluble, but on warming saponification takes place rapidly. 

Ammonia acts with formation of glycerol and formamide. With 
amines, substituted formamides are formed, which fact I communi- 
cated previously ?). 

The properties described sbow that triformin, the simplest fat, 
differs considerably in its properties from the triglycerol esters of 
the higher fatty acids. 


Chemistry. — “On some derivatives of 1-3-5-hexatriene”. By 
Prof. P. van RomBurcH and Mr. W. van Dorssen. 


In the meeting of Dec. 30 1905 it was communicated that, by 
heating the diformate of s-divinylglycol we had succeeded, in pre- 
paring a hydrocarbon of the composition C,H, to which we gave 
the formula: 

CH, =CH— CH=CH—CH=CH.. 

Since then, this hydrocarbon has been prepared in a somewhat 
larger quantity, and after repeated distillation over metallic sodium, 
50 grams could be fractionated in a LaDEngurg flask in an atmosphere 
of carbon dioxide. 

The main portion now boiled between 77°—78°.5 (corr.; pressure 
764.4 mm.). 

Sp. 8T.13.5 0.749 
N.D135 1.4884 


Again, a small quantity of a product with a higher sp. gr. anda 
larger index of refraction could be isolated. 


1) This decomposition of triformin has induced me to study the behaviour Of 
the formates of different glycols and polyhydrie alcohols on heating. Investigations 
have been in progress for some time in my laboratory. 

2) Meeting 30 Sept. 1905. 
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In the first place the action of bromine on the hydrocarbon was 
studied. 

If to the hydrocarbon previously diluted with chloroform we add 
drop by drop, while agitating vigorously with a Wiırr stirrer, a 
solution of bromine in the same solvent, the temperature being — 10°, 
the bromine is absorbed instantly and as soon as one molecule has 
been taken up the liquid turns yellow when more is added. If at 
that point the addition of bromine is stopped and the chloroform 
distilled off in vacuo, a crystalline product is left saturated with an 
oily substance. By subjecting it to pressure and by recrystallisation 
from petroleum ether of low boiling point, fine colourless crystals 
are obtained which melt sharply at 85°.5—86° '). 

A bromine determination according to Liesıg gave 66.84°/,, C,H,Br, 
requiring 66.65°/,. 

A second bromine additive product, namely, a tetrabromide was 
obtained by the action of bromine in chloroform solution at 0° in 
sunlight; towards the end, the bromine is but slowly absorbed. The 
chloroform is removed by distillation in vacuo and the product 
formed is recrystallised from methyl alcohol. The melting point lies 
at 114°—115° and does not alter by recıystallisation. Analysis showed 
that four atoms of bromine had been absorbed. 


Found: Br: 80.20. Calculated for C,H,Br, 79.99. 


A third bromine additive product was found for the first time in 
the bromine which had been used in the preparation of the hydro- 
carbon to retain any hexatriene carried over by the escaping gases. 
Afterwards it was prepared by adding 3 mols of bromine to the 
hydrocarbon diluted with 1 vol. of chloroform at O° and then heating 
the mixture at 60° for 8 hours. The reaction is then not quite com- 
pleted and a mixture is obtained of tetra- and hexabromide from 
which the latter can be obtained, by means of ethyl acetate, as a 
substance melting at 163°.5—164°. 

Found: Br. 85.76. Calculated for C,H,Br, 85.71. 

On closer investigation, the dibromide appeared to be identical 
with a bromide obtained by Griner ') from s. divinyl glycol with 
phosphorus tribromide,; of which he gives the melting point as 
84°.5—85°. A product prepared according to GRINER melted at 
85°.5—86° and caused no lowering of the meltingpoint: when added 
to the dibromide of the hydrocarbon. 

GRINER obtained, by addition of bromine to the dibromide prepared 
from his glycol, a tetrabromide melting at 112° together with a 


1) Not at 89° as stated erroneously in the previous communication. 
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product melting at 108°—109°, which he considers to be a geome- 
trical isomer. On preparing°) the tetrabromide according to GRINER the 
sole product obtained was that melting at 112°, which proved identical 
with the tetrabromine additive product prepared from the hydro- 
carbon, as described above. For a mixture of these two bromides 
exhibited the same meltingpoint as the two substances separately. 

Prolonged action of bromine on the tetrabromide according to 
GRiInER, yielded, finally, the hexabromide melting at 163°—164°, which 
is identical with the one prepared from the hydrocarbon. 

The bromine derivatives described coupled with the results of 
GRINER prove that our hydrocarbon has indeed the formula given above. 

According to THıELE’s views on conjugated double bonds we might 
have expected from the addition of two atoms of bromine to our 
hexatriene the formation of a substance with the formula 

CH,Br— CH=CH—-CH=(CH-—CHBr. . . 
or 
CH,Br— CH=CH— CHBr— CH=CH. . . 0) 
from the first of which, on subsequent addition of two bromine 
atoms the following tetrabromide would be formed. 
CH,Br — CHBbr— HÜ=CH— CHBr — CH,Br. . . 6) 

As, however, the dibromide obtained is identical with that prepared 
from s. divinyl glycol, to which, on account of its mode of formation, 
we must attribute the formula 

CH, =CH — CHBr— CHBr—CH=CH,.. . . (4) 
(unless, what seems not improbable considering certain facts observed, a 
bromide of the formula (1) or (2) should have really formed by 
an intramolecular displacement of atoms) the rule of TuıELE would 
not apply in this case of two conjugated systems. 

Experiments to regenerate the glycol from the dibromide have 
not as yet led to satisfactory results, so that the last word in this 
matter has not yet been said. The investigation, however, is being 
continued. 

Meanwhile, it seems remarkable that only the first molecule of 
bromine is readily absorbed by a substance like this hexatriene, which 
contains the double bond three times. 

By means of the method of Sasarırrk and SENDERENS, hexatriene 
may be readily made to combine with 6 atoms of hydrogen. If its 


!) Ann. chim. phys. [6] 26. (1892) 381. 

2) Investigations on a larger scale will have to decide whetlier an isomer, melt- 
ing at 108°, really occurs there as a byproduct which then exerts but a very 
slight influence on the melting point of the other product. 


8 
Proceedings Royal Acad. Amsterdam. Vol. IX. 
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vapour mixed with hydrogen is passed at 125°—130° over nickel 
reduced to a low temperature, the hydrogen is eagerly absorbed and 
a product with a lower boiling point is obtained, which, however, 
contains small quantities of unsaturated compounds (perhaps also 
cyclie ones). In order to remove these, the product was treated 
with bromine and after removal of the excess and further purification 
it was fractionated. As a main fraction, there was obtained a liquid 
boiling at 68°.5—69°.5 at 759.7 mm. 
SP. gr... —= 0,6907 np... = 1.3919. 

Although the boiling point agrees with that ofthe expected hexane 
the sp. gr. and the refraction differ still t0o much from the values 
found for hexane by BrühL and by Erykwan'). 

Therefore, the product obtained from hexatriene was shaken for 
some time with fresh portions of fuming sulphurie acid until this 
was no longer coloured. After this treatment were obtained 
one fraction of 

B.p. 69°—70°, Sp. gr.,, 0.6718 np,, 1.38250. 
and another of 
B. p. 69°.7—70°5, Sp. gr.,, 0.6720, np,, 1.38239. 
An n-hexane prepared in the laboratory, according to BrüHL ?) by 
Mr. ScHERINGA gave the following values 
B. p. 69°, Sp. gr.,, 0.664 np,, 1.3792 
whilst an n-hexane prepared, from diallyl according to SABATIER and 
SENDERENS, by Mr. SInniGE gave 
B. p. 68.5°—70,° Sp. gr... 0.6716, np,, 1.38211. 

It is, therefore, evident that the hexane obtained by SaBarızr’s, and 
SENDERENS’ process still contains very small traces of impurities. 

There cannot, however, exist any doubt that 1-3-5-hexatriene 
absorbs 6 atoms of hydrogen with formation of normal hexane. 

Of greater importance, however, for the knowledge of the new 
hydrocarbon is the reduction by means of sodium and absolute 
alcohol. 

If, as a rule, unsaturated hydrocarbons are not likely to take up 
hydrogen under these eircumstances, it becomes a different matter 
when a conjugated system is present. Now, in 1-3-5-hexatriene, two 
conjugated systems are found and we might therefore expect the 
oceurrence of a 2-4-hexadiene: 

CH,—CH=CH—CH=CH—-CH, 


1) Brünz (B.B. 27, (1894) 1066) finds Sp. gr. = 0.6603, nDy, = 1.3734.; 
Evkman (R. 14, (1881) 187) Sp. gr., = 0.6652 nDı, = 1.37795. 
2) Ann. 200. 183. 
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or, of a 2-5-hexadiene: 
CH,—CH=CH--CH,—CH=CH.. 

The first, still having a conjugated system can again absorb two 

atoms of hydrogen and then yield hexene 3. 
CH, —CH,—CH=CH—CH,— CH, 
whilst the other one cannot be hydrogenated any further !). 

The results obtained seem to point out that both reactions have 
indeed taken place simultaneously, and that the final product of the 
hydrogenation is a mixture of hexadiene with hexene. 

10 grams of 1-3-5-hexatriene were treated with 100 grams of 
boiling absolute alcohol and 15 grams of metallic sodium. After 
the sodium had dissolved, a current of steam was passed, which 
caused the ready separation of tbe hydrocarbon formed, which, 
however, still contained some alcohol. After redistillation, the 
hydrocarbon was washed with water, dried over caleium chloride 
and distilled over metallic sodium. 

At 75°.5 it commenced to boil and the temperature then slowly 
rose to 81°. The liquid was collected in two fractions. 

fraction I. B.p. 75°.5—78°, Sp.gr.,, 0.7326 ny,. — 1.4532 
IE TE 1 5 5 E= — 1.4665 


» 
These fractions were again united and once more treated with 
sodium and alcohol. But after purification and drying no liquid of 
constant boiling point was obtained, for it now commenced to boil 
at 72°.5, the temperature rising to 80°. The main fraction now 
possessed the following constants: 
B.p. 72°.5—74°, Sp.gr.,, 0.7146 np,, 1.4205 
The fraction 75°—80 gave np,, 1.4351. 
An elementary analysis of the fraction boiling at 72°.5—74° gave 
the following result: 
Found Caleulated for C,H,, Caleulated for C,H, 
C 87.06 87.1 85.6 
H 13.32 12.3 14.4 


The fraction investigated consists, therefore, probably of a mixture 
of C,H,, and C,H,,. The quantity colleeted was insufficient to effect 
another separation. We hope to be able to repeat these experiments 
on &a larger scale as soon as we shall have again at our disposal a 
liberal supply of the very costly primary material. 


Utrecht, Org. Chem. Lab. University. 


ı) If CH,=CH—CH,—CH,—CH=CH, should be formed, this will not readi!y 
absorb more hydrogen either. 


8*+ 
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Mathematics. — “The force field of the non-Eucldean spaces 
with negative curvature”. By Mr. L. E. J. Brouwer. (Commu- 


nicated by Prof. D. J. KoRTEwEß). 


A. The hyperbolic Sp;- 


I. Let us suppose a rectangular system of 'coordinates to be placed 
thus that ds — V A? du? + B? dv’ + C’ dw’, and let us assume a line- 
veetor distribution X with components X, X,, X, then the integral 
of X along a closed curve is equal to that of the planivecetor Y over 
an arbitrary surface bounded by it; here the components of Y are 
determined by: 


en re 


BC dw 
For, if we assume on the bounded surface ceurvilinear coordinates 


& and n, with respect to which the boundary is convex, the surface 
integral is 


vd Oo dd Uw\/I(X,B) 9(XuC) 
[E u U WE ee ae 
05 09m Mm 0 dw 0v 
Joining in this relation the terms containing X, Cand adding and 
9(X,C) dw dw 


DER . dE s Er we obtain: 


I(Xu,C) Im 9IKuC) dw 
dem ur a 
a 8 u 
Integrating this partially, the first term with respect to n, the second 


1 (OB) lu Die 
dv 


subtracting 


to $, we shall get y X, Cdw along tbe boundary, giving with the 


integrals f X,Bdv and fi: Xu Adu analogous to them the line integral 


of X along the boundary. 


In accordance with the terminology given before (see Procee- 
dings of this Meeting p. 66—78)') we call the planivector _Y the 
first derivative of X. 


!) The method given there derived from the indicatrix of a convex boundary 
that for the bounded space by front-position of a point of the interior ; and the method 
understood by the vector Xpgr... a vector with indicatrix opgr.... We can höwever 
determine the indicatrix of the bounded space also by post-position ofa point ofthe 
interior with respect to the indicatrix of the boundary; and moreover assign to 
the vector Xpgr... the indicatrix p2gr...o. We tlıen find: 


(117) 

Analogously we find quite simply as second derivative the scalar: 
Re] 9{X,. BC} 
ABC 2 re 


According to the usual way of expressing, the first derivative is 
the rotation vector and the second the divergency. 


A De, BY : 
I. I£E X is to be a 2X, i.e. a second derivative of a planivector 
5, we must have: 


_ 1 (03) ee a Er 
RER Dr r 
and it is easy to see that for tbis is necessary and sufficient 


DEN: 


II. IE X is to be a 0X, i.e. a first derivative (gradient) of a 
scalar distribution %, we must have: 
Ip Op Op 
X m ng X m —— ee 
z Adu k Bin. Cdw 
and it is easy to see, that to this end it will be necessary and 
sufficient that 
Y=»%; 


IV. It is easy to indicate (comp. ScHRRING, Göttinger Nachrichten, 


1870) the Ns of which the divergeney is an isolated scalar value in 
the origin. 
lt is direeted according to the radius vector and is equal to: 
1 
sinh’r' 


when we put the space constant =1?). 


OX, 


ng, 
Veayıa 4 — > = En 
g 
2 —U 1 pH 
9-1 “+ 
OXen.a 1% 
zZ N BEE I 
A — Er Om 
el 


These last definitions include the well known divergency of a vector, and the 
gradient of a potential also as regards the sign; hence in the following we shall 
start from it and we have taken from this the extension to non-Euclidean spaces. 

2) For another space constant we have but to substitute in the following formulae 
E 
— for r. 


R 
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It is the first derivative of a scalar distribution: 
— 1-+oothr, 
and has in the origin an isolated divergeney of 4x. 


V. In future we shall suppose that X has the field property and 
shall understand by it, that it vanishes at infinity in such a manner 
that in the direction of the radius vector it beeomes of lower order 


1 

than — and in the direction perpendicular to the radius vector of 
"hs 

lower order than e”. 


For a IR this means that it is derived from a scalar distribution, 
having the potential property, i.e. the property of vanishing at infinity. 

Now the theorem of GREEN holds for two scalar distributions (comp. 
FRrEspoRF, diss. Göttingen, 1873): 


Ow A Br Ip ei, 
fr «-[»v v.dr= [w2ao- (wy Y.dr 
SE Igrad. p, grad. w} a.) ; 


If now Y and w both vanish at infinity whilst at the same time 
lim.pwe®”—=0, then the surface integrals disappear, when we apply 
the theorem of GrEEN to a sphere with infinite radius and 


fs v'v.de= (w.u'9.c 


integrated over the whole space, is left. 

Let us now take an arbitrary potential function for 9 and 
—1-+oohr for y, where r represents the distance to a point P 
taken arbitrarily, then these functions will satisfy the conditions of 
vanishing at infinity and lim. gwe?”—0, so that we find: 


4X.Ypp = [(-1+ on) Wp. ce. 


So, if we put -— l-+otäir=F‘\(r), we have: 


NER 
a=wy| Yrne.. Be A SEN 


VI. We now see that there is no vector distribution with the field 
property, which has in finite nowhere rotation and nowhere diver- 
geney. For, such a vector distribution would have to have a potential, 
having nowhere rotation, but that potential would have to be every- 
where O0 according to the formula, so also its derived vector. 
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From this ensues: a vector field is determined uniformly by its 
rotation and its divergeney. 


VII. So, if we can indicate elementary distributions of divergency 
and of rotation, the corresponding vector fields are elementary fields, 
‚ i. e. the arbitrary vector field is an arbitrary space-integral of such 
fields. 

For such elementary fields we find thus analogously as in a Euclidean 
space (l.c. p. 74 seq.): 

1. a field Z,, of which the second derivative consists of two 
equal and opposite scalar values, close to each other. 

2. a field Z,, of which the first derivative consists of equal 
planivectors in the points ofa small eircular current and perpendicular 
to that same current. 

At finite distance from their origin the fields Z, and E, are here 
again of the same identical structure. 


VI. To indicate the field Z, we take a system of spherical 
coordinates and the double point in the origin along the axis of the 
system. Then the field Z, is the derivative of a potential: 


It can be regarded as the sum of two fictitious “fields of a 
single agenspoint”, formed as a derivative of a potential — 1 + cothr, 
which have however in reality still complementary agens at infinity. 


IX. The field £, of a small cireular current lying in the equator 
plane in the origin is outside the origin identical to the above 
field #,. Every line of force however, is now a closed vector 
eireuit with a line integral of 4x along itself. We shall find of this 
field EZ, a planivector potential, lying in the meridian plane and 
independent of the azimuth. 

In order to find this in a point P with a radius vector r and 
spherical polar distance „ we have but to divide the total current 
between the meridian plane of P and a following meridian plane 
with difference of azimuth d$, passing between J’ and the positive 
axis of revolution, by the element of the parallel circle through ? 
over de. For, if ds is an arbitrary line element through P in the 
meridian plane making with the direction of force an angle Fr, ifdh 
is the element of the parallel eirele, & the above mentioned current 
and H the vector potential under consideration, we find: 

d> —=dh.Xds sin F, 
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whilst the eondition for H is: 
d(Hdh) —= dh ds X sin r. 


=> 
So we have but to take 7% for HA. 


To find 2 we integrate the current of force within the meridian zone 
through the spherical surface through 7. The force component perpen- 


therefore : 


k R i coshr 
dieular to that spherical surface is 2 cos  — f 
sinh’r 


2 o 
h 
>=] 208s% = _ sinhr dp . sinhr sin gy d$ — d# cothr . sin? p. 
sinh’r 
0 


So: 
>> = coshr , 
a sen $. 
dh  sinhrsingyd$ _sinh’r 
X. From this ensues, that if two arbitrary vectors of strength unity are 
given in different points along whose connecting line we apply a third 
coshr 


vector = ‚ the volume product of these three vectors, i.e. the 


sinh’r 
volume of the parallelepipedon having these vectors as edges taken 
with proper sign, represents the linevector potential according to the 
first (second) vector, eaused by an elementary magnet with moment 
unity according to the second (first) vector. 

To find that volume product, we have first to transfer the two 
given vectors to ‚a selfsame point of their connecting line, each 
one parallel to itself, i.e. in the plane which it determines with that 
connecting line, along which the transference is done, and maintaining 
the same angle with that connecting line. 

The volume product %($,, S,) is a symmetrie function of the two 
vectors unity of which we know that with integration of S, along 
a closed eurve s, it represents tlie current of force ofa magnet unity 
according to S, through s,, in other words the negative reciprocal energy 
of a magnet unity in the direction of S, and a magnetic scale with 
intensity unity within s,, in other words the force in the direction 
of S, by a magnetic scale with intensity unity within s,, in other 
words the force in the direction of S, by a current with intensity 
unity along s,. So we can regard %(8,, S,) as a force in the direction 
of 8, by an element of current unity in the direction of S$.. 

With this we have found for the force of an element of eurrent 
with intensity unity in the origin in the direction of the axis ofthe 
system of coordinates : 


TR sin 9, 


directed perpendieular to the meridian plane. 


XI. For the fictitious field of an element of current (having mean- 
while everywhere current, i. e. rotation) introduced in this way we 
shall find a linevector potential V, everywhere “parallel” (see above 
under $ X) to the element of current and the scalar value of which 
is a function of r only. 

Let us call that scalar value U, and let us regard a small elemen- 
tary rectangle in the meridian plane bounded by radii vectores from 
the origin and by circles round the origin, then the line integral of 
V round that rectangle is: 


0) 
_ 5, Veingsinhragjar— [U cos p dr} dy. 


This must be equal to the current of force through the small 
rectangle: 
FR sin p .sinh r dp. dr, 
sinh’r 
from which we derive the following differential equation of U 
with respect to r: 


u A 
U— = [U sinh r) = ooth r, 


the solution of which is: 
U=oosechr —trsech’4r+ c.sech’} r. 

Let us take c=(0, we shall then find as vector potential V of 
an element of current unity E: 

cosech r — 4 rsech’4r=F, (r), 
directed parallel to &. 

Let us now apply in an arbitrary point of space a vector @, then 
the vector V has the property that, when integrated in @ along an 
elementary circuit whose plane is perpendieular to G, it indicates 
the force in the direction of @, caused by the element of current 
E, or likewise the vector potential in the direction of E caused by 
an elementary magnet with intensity unity in the direction of @. 

So, if we call of two vectors unity Zand 7 the potential x (Z, F), 
the symmetric function F, (r, cos £, where  represents the distance 
of the points of application of the two vectors and p their angle 
after parallel transference to a selfsame point of their connecting line, 
we know that this function % gives, by integration of e.g. Z over 
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a closed curve e not only the negative energy of a magnetic scale 
with intensity unity bounded by e in the field of an element of 
current unity F, but also the component along F of the vector 
potential caused by a current unity along e. 

From this ensues for the vector V of an element of current, 
that when the element of current is integrated to a closed current 
it becomes the vector potential of that current determined uniformly 
on account of its flux property. 


So really the vector potential of a 9X, i.e. of a field of currents 
is obtained as an integral of the vectors V ofthe elements of current. 


XII. We can now write that in an arbitrary point: 


id 
> Ah a ar 
n 
where we first transfer in a parallel manner the vector elements 
of the integral to the point under consideration and then sum up. 
Let us now consider an arbitrary force field as if caused by its two 
derivatives (the magnets and currents), we can then represent to our- 
selves, that both derivatives, propagating themselves according to & 
function of the distance vanishing at infinity, generate the potential 
of the field. 
The field X is namely the total derivative of the potential: 


X X 
Naroa+ (Zr. 


The extinguishment of the scalar potential is greater than that of the 
vector potential; for, the former becomes at great distances of order e-?7, 
the latter of order re". Farther the latter proves not to decrease 
continuously from © to 0, but at the outset it passes quickly 
through O0 to negative, it then reaches a negative maximum and 
{hen according to an extinguishment re" it tends as a negative (i. e. 
direeted oppositely to the generating element of current) vector to zero. 


XHl. The particularity found in Euclidean spaces, that 


1 
F,()=F,(r = nn is founded upon this, that in Euelidean spaces 


the operation of twice total derivation is found to be alike for scalar 
distributions and vector distributions of any dimensions (l.c. p. 70). 

Not so in non-Euclidean spaces; e.g. in the hyperbolie Sp, we 
find for the V? of a scalar distribution % in an arbitrary point 


133) 


when choosing that point as centre of a system of Rırmann normal 
coordinates 


. V da® + dy? + de? 
G: e. a system such that ds =- Dee es ) 


Te ar 
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but as 7°? of a vector distribution with components X, Y and Z, 
we find for the z-component Ag: 
DIR 0X 08 
=-(2%4, Hg u, 


The hyperbolie Sp;. 


I. As first derivative Y of a vector distribution X we find a 
planivector determined by a scalar value: 
1 (0(X,A) 9(X,B) 
AB: 1 00r au | 
As second derivative Z we find the scalar: 
a 


AB du 0v 


U. IE X is to bea 3X, i. e. a second derivative ofa planivector 
with scalar value w we must have: 
Ip 
ER 
to which end is necessary and sufficient: Z=0. 


Ku — — ; X 


= 1 P : h 
If X isto bea oS, i.e. a first derivative of a scalar g we must 
have: 


Ip Ip 
TUT ; X, — a 
Au Adu ; Bßv 
to which end is necessary and suffiecient: Y=0. 


II. The 9X, of which the divergency is an isolated scalar value 
in the origin, becomes a vector distribution in the direction of the 
radius vector: 

1 


sinh r 


It is the first derivative of a scalar distribution: 


leoth$ r. 
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The divergency in the origin of this field is 2. 
The scalar distribution Zcoth4r has thus the potential property. 
(This was not the case for the field of a single agens point in the 


Euclidean Sp,). 


IV. In the following we presuppose again for the given vector 
distribution the field property (which remains. equally defined for 2 
and for n dimensions as for 3 dimensions); no vector field is possible 
that has nowhere rotation and nowhere divergency; so each vector 
field is determined by its rotation and its divergencey and we have 
first of all for a gradient distribution : 


| 
X 
= | = ootn dr dr 


ee 
x=wfYlroa. 7 


ar 


V. For the field Z, of an agens double point we find the gradient 
of the potential: 
c08 p 
sinhr 
It can be broken up into “fields of a single agens point” formed 
as a derivative of a potential lcoth $ r. 


VI. Identical outside the origin to the above field Z, is the field 
E, of a double point of rotation, whose axis is perpendicular to the 
axis of the agens double point of the field Z,. For that field Z, we 
find as scalar value of the planivector potential in a point P the total 
current of force between P and the axis of the agens double point, 
that is: 

sin  coth r. 

So if are given a vector unity Y and a scalar unity S and if 
we apply along their connecting line a vector cothr, the volume 
product $ of V, S and the vector along the connecting line is the 
scalar value of the planivector potential in S by a magnet unity 
in the direction of V. 

Of y we know that when summing up ‚S out of a positive scalar 
unity S, and a negative S, it represents the current of force of a 
magnet unity in the direction of V’ passing between S, and S,, in 
other words the negative reeiprocal energy of a magnet unity in the 
direction of V and a magnetic strip S, S, with intensity unity, in 
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other words the force in the direction of V by a couple ofrotation 
5, —3S,. So we can regard Y as the force in the direetion of V by 
an isolated rotation in S. So that we must take as fietitious “force 
field of an element of rotation unity” 

coth Tr, 
directed perpendicularly to the radius vector. In reality, however, this 
force field has rotation everywhere in Sp,. 


VII. Let us now find the scalar value U, function ofr, which we 
must assign to a planivector potential, that the “field of an element 
of rotation unity” be its second derivative. We must have: 

— —cothr. 
dr 


U==locosech r. 


And we find for an arbitrary ve 


| 
X 
IK vi l cosech r dr, 


2] 
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And an arbitrary vector field X is the total derivative of the potential 
\YX WX. 
f ar F,() de + = F, (r) dr. 


VII. We may now wonder that here in Sp, we do not find 
F, and F, to be identical, as the two derivatives and the two 
potentials of a vectordistribution are perfectly dually related to each 
other in the hyperbolie Sp, as well as in the Euclidean Sp,. The 
difference, however, is in the principle of the field property, which 
postulates a vanishing at infinity for the scalar potential, not for the 
planivector potential; and from the preceding the latter appears 
not to vanish, so with the postulation of the field property the duality 
is broken. 

But on the other hand that postulation in Sp, lacks the reasonable 
basis which it possesses in spaces of more dimensions. For, when 
putting it we remember the condition that the total energy of a 
field may not become infinite. As soon as we have in the infinity 
of Spn forces of order e”, this furnishes in a spherical layer with 
thieckness dr and infinite radius described round the origin as centre an 
energy of order e=?" X en-Ur dr = en dr; which for n > 3 would 
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give when integrated with respect to r an infinite energy at infinity of 
Sp„. So for n>3 are excluded hy the field property only vector distri- 


butions which cannot have physical meaning. 

For n—=2 however the postulation lacks its right of existence; 
more sense has the eondition (equivalent for n>2 to the field pro- 
perty) that for given rotation and divergeney the vector distribution 
must have a minimum energy. Under these conditions we shall once 
more consider the field and we shall find back there too the duality 
with regard to both derivatives and both potentials. 


IX. Let us consider first of all distributions with divergency only 
and let us find the potential function giving a minimum energy for 
given 7°. 

We consider the hyperbolical Sp, as a conform representation of 
a part of a Euclidean Sp, bouuded by a eircle; if we then apply 
‚in corresponding points of the representation the same potential, we 
retain equal energies and equal divergencies in corresponding plane 
elements. So the problem runs: 

Which potential gives within a given curve (in this case a circle) 
in the Euclidean Sp, under given divergency distribution a minimum 
energy ? 

According to the theorem of GREEN we have for this: 


duN\? du Idu d.du 
1 ne zZ N de ie A er ee 
ı [02 eo dt zE RSPRE de 0: X do j Y’du.dr, 


so that, as V?’du is O0 everywhere within the boundary curve, the 
necessary and sufficient condition for the vanishing of the variation 
of the energy is: 

uw=0, along the boundary curve. 


For the general vector distribution with divergencey only in the 
hyperbolical Sp, we thus find under the condition of minimum 
energy also, that the potential ‘at infinity must be 0. So we find it, just 
as under the postulation of the field property, composed of fields Z,, 


derived from a potential 


cos p 

sinh r 

The lines of force of this field Z, have the equation, 
sin p cothr — c. 


Only a part of the lines of force (in the Euclidean plane all of 
them) form a loop; the other pass into infinity. None of the equi- 
potential lines, however, pass into infinity ; they are closed and are 
all enclosed by the circle at infinity as the line of O-potential. 
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The same holds for the arbitrary 0X; of the lines of force one 
part goes to infinity; the potential lines however are closed. 


X. If we now have to find the field with rotation only, giving 
for given rotation distribution a minimum energy, it follows from a 
consideration of the rotation as divergency of the normal vector, that the 
scalar value of the planivector potential at infinity must be 0, and the 


general X composed of fields Z,, derived from a planivector 
sin p 


sınn Tr 


potential (whilst we found under the postulation of the field 


property sin g coth r). 

In contrast to higher hyperbolical spaces and to any Euclidean 
and elliptie spaces the fields Z, and Z, cannot be summed up here 
to a single isolated vector. 


For this field Z£, and likewise for the arbitrary X the lines of 
force (at the same time planivector potential lines) are clused curves. 


XI. We have now found 
BR 
na 2/0X 
a a 


EN 
se 1/ 2X 
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And from this ensues that also the general vector distribution X 
having under given rotation and divergency a minimum energy is 
equal to: 


\/X RT ENT DS 
Xdiv. + Arot. = vf no lcothy4rdr + vf 2 Lcoth & r dr. 
n 


For, if V is an arbitrary distribution without divergency and without 
rotation in finite, it is derived from a scalar potential function, so it 
has (according to $ VIII) no reciprocal energy with Xaw.; neither 
(as according to $IX all lines of force of Az... are closed curves 
and a flux of exelusively closed vector tubes has no reciprocal 
energy with a gradient distribution) with Ara. ; so that the energy 
of Xaiw. + Xro. + V is larger than that of Ag. + Aror. 

So finally we have for the general vector distribution of minimum 
energy X: 


X 
3=v | Z2-lommirar 
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C. The hyperbolie Spn- 


I. Let us suppose a system of reetangular coordinates, so that 
ds v Au,’ 4, A 
and let us suppose a linevector distribution X with components 
Xı...X, then the integral of X along a closed curve is equal to 
that of a planivector Y over an arbitrary surface bounded by it, 
in which the components of Y are determined by: 

1:2 (EA) WIRTAN 
Andy, Or. 2; Öfen, ; 

Y is the first derivative or rotation of X. 

Further the starting vector current of X over a closed curved 
Spn—ı is equal to the integral of the scalar Z over the bounded 
volume of that Sp,—ı ; here 

1 IK - Ange... Aa) 
ee #; Oz 


Z is the second derwatwe or divergencey of X. 


DER —= 


= 


1. IE X is to be a 2X, i.e. a second derivative ofa planivector 
5, we must have: 


I lEna An ne de ) 
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The necessary and sufficient condition for this is: 
FRAU 


IE X istobea X i.e. a first derivative of a scalar 9, we must 
have: 


Ip 
Be: ar, 
z Ar Ode 
The necessary and sufficient condition for this is: 
EIER 


III. The 5X, which has as divergency an isolated scalar value in 
the origin (comp. Opitz., Diss. Göttingen, 1881), is direeted along 
the radius vector, and if we put the space constant equal to 1 is 
equal to 

1 
sinhn—1 pr" 
It is the first derivative of a scalar distribution 


u Dan al 1 a A ie a 5 
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" dr “. 
an 


and it has in the origin an isolated divergency of k„ (if km! ex- 
presses the spherical surface of the Euclidean space Sp,). 


IV. For two scalar distributions $ and w the theorem of GkEEN 
holds (comp. Opitz., l.e.): 


Op x 99 
Js} - An - Ip V’Ww. in= (vr 5 10, [9 79 „Eat, 


= S(V9, V%Y). 2) 


If at infinity 9 and w both become O whilst at the same time 
lm gwernQdr —0, 
then for an ”—Isphere with infinite radius the surface integrals dis- 
appear and we have left 


Js F VAR) x du = [w- V’o. dem 


integrated over the whole space. 

If here we take an arbitrary potential function for and w, (r) 
for w, where r represents the distance to an arbitrarily chosen 
point P_ — these functions satisfying together tbe conditions of the 
formula — we have: 


np) = wn(r) . V’p. din. 


If thus we postulate for the vector distributions under consideration 
the field property (which remains defined just as for Sp,) we have, 


if we put w,r)=/f, (r), for an arbitrary X 


37 0X 
x=-w|Yöroe: EHER AT 


from which we deduce (compare A $VI) that there is no vector 
field which has in finite nowhere rotation nor divergency ; so that 
a vector field is uniformly determined by its rotation and its divergency. 


V. So a vectorfield is an arbitrary integral of: 

1. Fields Z, of which the second derivative consists of two 
equal and opposite scalar values close to each other. 

2. Fields Z,, of which the first derivative consists of planivectors 
distributed regularly in the points of a small ”-2sphere and perpen- 


dieular to that ”—2sphere. 
) 


Proceedings Royal Acad. Amsterdam. Vol. IX. 
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At finite distance from their origin the fields Z, and £, are of 
identical structure. 


VI. In order to indicate the field EZ, we assume a spherical 
system of coordinates‘) and the double point in the origin along 
the first axis of the system. Then the field Z, is the derivative of 
a potential: 

c08 p 
sinhn—ip 

The lines of force of this field run in the meridian plane. It can 
be regarded as the sum of two fictitious “fields of a single agens- 
point” constructed as derivative of a potential w,„(r) to which, however, 
must be assigned still complementary agens at infinity. 


VI. The field E, of a small vortex-"—2sphere according to the 
space perpendicular to the axis of the double point just considered is 
identical outside the origin to the field E,. Each line of force is now 
however a closed vector tube with a line integral k„ along itself. 
We shall find for this field Z, a planiveetor potential 7, lying in 
the meridian plane and dependent only on randy. It appears then 


simply that this H is a 1X. 

Let & be an (n—2)-dimensional element in the n—2 coordinates 
existing besides r and %, then it defines for each r and p an element 
on the surface of,an ”=2-sphere of a size dh = ce sinh ?-?r sin"—2p, 
and for the entire Sp, what may be called a “meridian zone”. 

We then obtain for the current of force >, passing inside a 
meridian zone between the axis of the system and a point P with 
coordinates r and 9, if ds represents an arbitrary line element 
through P’ in the meridian plane under an angle + with the direction 
of force: 

ds —=dh.Xdssinr, 
whilst we can easily find as necessary and suffiecient condition for H: 
d(Hdh) = dh.ds.Xsinr; 


>>, 
so we have but to take en for H. 
{7 


I) By this we understand in Sp. a system which with the aid of a rectangular 
system of numbered axes determines a point by 1. r, its distance to the origin, 
2. 9, the angle of the radius vector with X, 3. the angle of the projection of 
the radius vector on the coordinate space X,...X, with X,, 4. the angle of 
the projection of the last projection on the coordinate space X3... X. with X3; 
etc. The plane through the X,-direction and the radius vector we call the meri- 
dian plane. 
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To find > we integrate the current of force inside the meridian 
zone passing through the *—!spherical surface through between the 
osh r 


axis of the system and. P. As we have (n—1) cosy & 
“ sınh"r 


force component perpendicular to that spherical surface we find: 


? 
vosh 
2= (ap. 
sinh "r 
0 


for the 


.sinh r dp .ce sinh »2r sin"—2p — ce sin "Ip cothr. 


> cosh r 


dh  sinhn—1r 


sin p. 


VII. If thus are given in different points a line vector Z 
unity and an 2—2yector W unity and if we put along their con- 
cosh 


En ns then the volume product w of Z,W 


necting line a line vector — 
sinhr—Ir 

and the vector along the connecting line is the *-?vector potential 
in the direction of W caused by an elementary magnet with moment 
unity in the direction of Z. 

We know of p(Z,W‘) that with integration of W along a closed 
curved Sp„— Q it represents the current of force of a magnet unity 
in the direction of Z through Q, in other words the negative reci- 
procal energy of a magnet unity in the direction of ZL and a 
magnetic ”-Iscale with intensity unity, bounded by Q, in other words 
the force in the direction of Z by a magnetic *-Iscale bounded 
by Q, in other words the force in the direction of Z by a vortex 
system, regularly distributed over Q and perpendicular to Q. So we 
can regard w(ZL,W) as the force in the direction of L by a vortex 
unity, perpendicular to W. With this we have found for the force 
of a plane vortex with intensity unity in the origin: 

coohr , 

sinh "Ir ER 
directed parallel to the operating vortex element and perpendicular 
to the “meridian plane”, if now we understand by that plane the 
projecting plane on the vortex element; whilst 9 is here the angle of 
the radiusvector with the Sp, perpendicular to the vortex element. 


IX. For the fietitious field of a vortex element in the origin intro- 
duced in this way (which meanwhile has vortieity every where in space) 
we shall find a planivector potential, directed everywhere. “parallel” 
to the vortex element and of which the scalar value U is a function 
of r only. 

Let us suppose a point to be determined by its azimuth parallel 

g* 
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to the vortex element and then farther in the Sp"—-1 of constant azi- 
muth by a system of spherical coordinates, of which we take the 
first axis in the “meridian plane” (see above under $ VIII), and in 
the plane of the vortex element, the second in the meridian plane 
perpeudicular to the first, and the rest arbitrarily ; let us understand 
meanwhile by here the angle of the radius vector with the Sp,—», 
perpendicular to the vortex element; let further. be an (n—3)-dimen- 
sional element in the n—83 last coordinates, then this defines for 
each r and an element on the surface of an "—3sphere, of a size 


dk = ce sinh R-®r cos "Ip. 


We then consider a small elementary rectangle in the meridian 
plane bounded by radii vectores out of the origin and eircles about 
the origin and a Sp„—ı element consisting of the elements di; erected 
in each point of this small elementary rectangle. Applying to this 
Spn—ı-element the reduction of an (n—2)-fold integral along the boundary 
to a n—1)-fold integral over the volume according to the definition 
of second derivative, we find: 


f) 
— — {U 008 p . dr . ce sinh "37 cos r3p} dp — 


Ip 


0) 
— — }U sing .sinhr dp. ce sinh r—®r cos n—3p} dr — 


Ir 


> ; cosh r 
= ce sinh "dr cos"—3p . sinhr dp. dr. ———— sin p. 
sinh r—Ir 


| .dU cosh r 
n—2) U— — snnır— n—2)Uosır = — —— 
( ) hr (n ) U cosh r ERTErN 


ro Diankir. u- MT. 
The solution of this equation is: 
cosh —Ar—2)Ir „fon r3lr.dir + en s 
So we find as planivector potential V of a plane vortex: 
1 1 
fon rr.dir=F,(r), 


(n—2) sinhn—2r 20-3 cosh Kn—D)yr 


U — 


directed parallel to that plane vortex. 

Let us now call Z the "—2vector, perpendicular to the plane vortex, 
the field of which we have examined, and let us also set off the 
vector potential V as an "=?vector; let us then bring in an arbitrary 
point of space a line vector @; then the vector V has the property 
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that when integrated in @ along a small eurved closed Sp._2 in a 
SPn—ı perpendicular to @, it indicates the force in the direetion of 
@ caused by the current element E, or also the vector potential 
in the direction of E, caused by an elementary magnet with 
intensity unity in the‘ direction of @. 

Let us now call the potential x (Z, F) of two *-2vectors unity 
E, F the symmetrie function Fy,(r)cosy, where r represents the 
distance of the points of application of both vectors and their angle 
after parallel transference to one and the same point of their con- 
necting line, then we know that this function x gives, when e.g. Eis 
integrated over a closed curved Sp„—2 which we shall call e, not 
only the negative energy of a magnetic "scale with intensity unity 
bounded by e in the field of a vortex unity perpendicular to F but 
also tlie component along F of the vector potential caused by a 
system of vortices about e with intensity unity. 

From this ensues again for the vector potential V of a vortex 
element, that when the vortex element is integrated to a system of 
vortices about a closed curved Sp„-2 it becomes the vector potential 
determined according to $ VII of that vortex Sp„-2; so that the 


vector potential of an arbitrary X is obtained as integral of the 
vectors V of its vortex elements, in other words: 


we] 
x=w | ro EN HR 


where for each point the vector elements of the integral are first 
brought over to that point parallel to themselves and there are 
summed up. 


X. So let us consider an arbitrary force field as if caused by its 
two derivatives (the magnets and the vortex systems), we can then 
imagine that both derivatives are propagated through the space 
according to a function of the distance vanishing at infinity, causing 
thereby the potential of the field. 

For, the field X is the total derivative of the potential: 


Vs Ef ae 


The extinguishment of the scalar potential is the stronger, as it is 
at great distances of order e-{"-Nr, the vector potential only of 
order. re mar, 
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Astronomy. — “The luminosity of stars of different types of 
spectrum.” By Dr. A. PAnnekork. (Communicated by Prof. 


H. G. van DE SAnDE BAKHUYZEN). 


The investigation of the spectra of stars which showed that, with 
a few exceptions, they can be arranged in a regular series, has led 
to the general opinion that they represent different stages of develop- 
ment gone through by each star successively. Vosrı’s classification 
in three types is considered as a natural system because these types 
represent the hottest and earliest, the further advanced, and the 
coolest stage. This, however, does not hold for the subdivisions : 
the difference in aspect of the lines, the standard in this case, does 
not correspond to the different stages of development mentioned above. 
Much more artificial is the classification with letters, which PicKERING 
has adopted in his Draper Catalogue; it arose from the practical 
want to celassify the thousands of stellar spectra photographed with 
the objective prism. After we have allowed for the indistinetness 
of the speetra which, arising from insufficient dispersion and brightness, 
influenced this classification, the natural affınity between the spectra 
will appear and then this classification has the advantage over that of 
Vosen that the 244 type is subdivided. The natural groups that can 
be distinguished are: class A: the great majority of the white stars 
(Sirius type), VocEn’s Ia; class B: the smaller number of those stars 
distinguished by the lines of helium, called Orion stars, Voczr’s 1b. 
In the continuous series the latter ought to go before the first type 
and therefore they are sometimes called type 0. Class F forms the 
transition to the second type (Procyon); class G is the type of the 
sun and Capella (the E stars are the indistinet representatives of this 
class); class K contains the redder stars of the 24 type, which ap- 
proach to the 34 type, such as Arcturus (Pıckkring reckons among 
them the H and I as indistinet representatives). The 34 type is 
called in the Draper Catalogue class M. 

The continuity of the stellar spectra is still more evident in the 
classification given by Miss A. Maury. (Annals Harv. Coll. Obs. Bd. 28). 
Miss MAury arranges the larger number of the stellar spectra in 20 
consecutive classes, and accepts groups intermediate to these. The 
elasses I—-IV are the Orion stars, VI—VII constitute the first type, 
IX—XI the transition to the 24 type, XIHI—XIV the 24 type 
itself such as the sun, XV corresponds to the redder Arcturus stars, 
XVII—XX constitute the third type. If we consider that from class 
I to III a group of lines is gradually falling out, namely the hydrogen 
lines of the other series, which are characteristie of the Wolf-Rayet 
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stars or the so-called fifth type stars (VoceL II2), it is obvious that 
we must place these stars at the head of the series, as it has also 
been done by Miss Cannon in her investigation of the southern 
spectra (H. C.O. Ann. Bd. 28) '). 

Some of these stars show a relative intensity of the metallie 
lines different from that of the ordinary stellar spectra ; VoGEL and 
SCHEINER have found this before in « Cygni and « Persei (Public. 
Potsdam Bd. 7, part 2). Maury found representatives of this group 
in almost all the classes from III to XIII, and classed them in a 
parallel series designated by IIc—XIllc, in contradistinetion to 
which the great majority are called a stars. 

According to the most widely spread opinion a star goes succes- 
sively through all these progressive stages of development. lt com- 
mences as an extremely tenuous mass of gas which grows hotter by 
contraction, and after having reached a maximum temperature de- 
creases in temperature while the contraction goes on. Before the 
maximum temperature is reached, there is a maximum emission of 
light; past the maximum temperature the brightness rapidly decreases 
owing to the joint causes: fall oftemperature and decrease in volume. 
That the first type stars are hotter than the stars of the second type 
may be taken for certain on the strength of their white colour ; 
whether the maximum temperature occurs here or in the Orion 
stars is however uncertain. 

This development of a tenuous mass of gas into a dense and cold 
body, of which the temperature first increases and then decreases is 
in harmony with the laws of physies. In how far, however, the 
different spectral types correspond to the phases of this evolution is 
a mere hypothesis, a more or less probable conjecture; for an actual 
transition of a star from one type into the other has not yet been 


1) According to Campeeit's results (Astronomy and Astrophysies XIII, p. 448), 
the characteristic lines of the Wolf-Rayet stars must be distinguished in two groups 
and according to the relative intensity of the two groups these stars must 
be arranged in a progressive series. One group consists of the first secondary 
series and the first line of the principal series of hydrogen: H£' 5414, Hy' 4542, 
H3' 4201, principal line 4686); it is that group which in Maury’s classes I—III 
occurs as dark lines and vanishes and which in the classes towards the other 
side (class Oe—Ob Cannon) is together with the ordinary H lines more and more 
reversed into emission lines. The other group, which as compared with the 
hydrogen lines becomes gradually stronger from this point, consists of broad 
bands of unknown origin of which the middle portions according to CGannon’s 
measurements of yVelorum have the wavelengths 5807, 5692, 5594, 5470, 4654, 
4443. The brightest band is 4654; its relative intensity as compared with the 
Hline 4689 gradually increases in the series: 4, 47, 5, 48, 42 (CampBEur's 
star numbers). 
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observed. The hypothesis may be indireetly tested by investigating 
the brightness of the stars. To answer to a development as sketched 
here the brightness of a star must first increase then decrease; the 
mean apparent brightness of stars, reduced to the same distances 
from our solar system must vary with the spectral class in such a 
way that a maximum is reached where the greatest brightness 18 
found while the apparent brightness decreases in the following stages 
of development. 


$ 2. For these investigations we cannot make use of directly mea- 
sured parallaxes as a general measure for the distance because of the 
small number that have been determined. Another measure will 
be found in the proper motions of the stars when we assume that 
the real linear velocity is the same for different spectral classes. In 
1892 W. H. S. Monck applied this method to the Bradley-stars in 
the Draper Catalogue‘). He found that the proper motions of the 
B stars were the smallest, then followed those of the A stars; much 
larger are the mean proper motions of the F stars?) wbich also con- 
siderably surpasses that of the G, H and K stars and that of the 
M stars. He thence concluded that these F stars (the 24 type stars 
which approach to the 1° type) are nearest to us and therefore have 
a smaller radiating power than the more yellow and redder stars 
of the 2d4type. “Researches on binary stars seem to establish that 
this is not due to smaller average mass and it would therefore appear, 
that these stars are of the dullest or least light-giving class — more 
so not only than the Arcturian stars but than those of the type of 
Antares or Betelgeux’” (p. 878). This result does not agree with the 
current opinion that the G, K and M stars have successively developed 
from the F stars by contraction and cooling. 

It is, however, confirmed by a newly appeared investigation of 
Esnar Hrrtzsprung: Zur Strahlung der Sterne’), where Maurr’s 
elassifieation of the spectra has been followed. He finds for the 
mean magnitude, reduced to the proper motion 0",01, the values 
given in the following table where I have added the corresponding 
proper motions belonging to the magnitude 4.0. 

Here also appears that for the magnitude 4,0 the proper motion 
is largest and hence the brishtness smallest for the elasses XII and 


!) Astronomy and Astrophysics XI. p. 874. 

2) He constantly calls them incorrectly “Gapellan stars” because in the Dr. Cat. 
Capella is called F, though this star properly belongs to the sun and the G stars. 

3) Zeitschrift für wissenschaftliche Photographie Bd. III. S. 429. 
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(nen, 


Spectrum Magn. for | P. M. for 
Maury ee C.| P.M. 0".01 | Magn. 4.0 
—————— 

I—IV B 4.37 0.012 
V—VI B—A 1.25 0.045 
VH—VII A 8.05 0.065 
IX—XI F 9.06 0.103 
XU—XIII F—G 1923 0.279 
XIII—- XIV!) G 793 0.061 
XV K 9.38 0.119 
AV/—XVI K—M eu 0.057 
XVII—XVIU M 8.28 0.072 


XIH that form the transition from F to G; for the later stages of 
development the brightness again increases. 


$ 3. A better measure than the proper motion for the mean 
distance of a group of stars is the parallactie ınotion. This investiga- 
tion was rendered easy by means of N’ 9 of the “Publications of 
the astronomical Laboratory at Groningen”, where the components 
ı and v of the proper motion are computed with the further auxiliary 
quantities for all the Bradley-stars. Let r and v be the components of 
the proper motion at right angles with and in the direction of the 
antapex, A the spherical distance of the star-apex, then 
ZI vsin‘ 
Tyan 
is the parallactie motion for a group of stars, i.e. the velocity of the 
solar system divided by the mean distance of the group. The mean 


1 Br 
of the other component — Zr is, at a random distribution of the 
n 


direetions, equal to half the mean linear velocity divided by the 
distance. 

The mean magnitudes of the different groups are also different. 
Because we here especially wish to derive conclusions about the 
brightness, and as boih the magnitude and the proper motion depend 
on the distance the computation was made after the reduction to 


1) The Roman figures in italies in Maury’s classification designate the transition 
to one class higher. 
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magnitude 4.0; that is to say, we have imagined that every star 
was replaced by one which in velocity and in brightness was perfectly 
identical with the real one, but placed at such a distance that its 
apparent magnitude was 4.0. If the ratio in which we then increase 
the proper motion is 


p = 1002 (m—4) 
we have 
ZI pvsin‘ zZ pr 
— —— and — : 
an > sin’ Er n 


In this computation we have used Maury’s classes as a basis. We 
have excluded 61 Cygni on account of its extraordinary great parallax, 
while instead of the whole group of Ursa Major (?y de 5) we have taken 
only one star (e). In the following table are combined the results 
of the two computations. 


Spectrum Typical mean | mean | 
MıAuryY |Dr.Cat. star | Y m Eike = > 
7 7 

I—II B e Orionis 33 | 3.57 0. ‚007 0. 8 0.007 | 0.013? 
IV—V B—A 7 Orionis 483 | 4.31 | 0.011 | 0.035 | 0.014 | 0.036 
VI—VII A Sirius 93 | 3.92 | 0.040 | 0.054 | 0.038 | 0.061 
IX— XI F Procyon 94 , 4414, 0.089, 0.153 | 0.095 | 0.136 
XIIT— XIV G Capella 69 | 4.08 | 0.141 | 0.1457 | 0.160 | 0.199 
XV K Arcturus | 101 | 3.90 | 0.1253 | 0.149 | 0 4120 | 0.096 
XVI—XX M Betelgeuze | 61 | 3.85 | 0.049 | 0.068 | 0.050 | 0.061 


In both the series of results the phenomenon found by Monck and 
HErTzsprungG manifests itself clearly. I have not, however, used 
these numbers ro and 940, but have modified them first, because it 
was not until the computation was completed that I became ac- 
quainted ‘with HEerTzsprung’s remark that the above mentioned c stars 
show a very special behaviour ; their proper motions: and parallaxes 
are so much smaller than those of the a stars of the same classes 
that they must be considered as quite a separate group of much 
greater brillianey and Iying at a much larger distance‘). We have 


!) In his list of parallaxes Hertzsprung puts the question whether perhaps the 
bright southern star x Carinae (Canopus) belongs to the c stars; but he finds no 
indieation for this except in its immeasurably small parallax er small proper 
motion. In her study of the southern spectra Miss Cannon has paid no regard 


Class N | 0 ; 2 Dr/g 
BEE n 7 

I 5 | 0.009 | 0.022 | 0.8 
181 13 | 005 009 | 1.4 
II 14 | 006 015 | 0.8 
IV 18 014 023 | 1.2 
IV 16 016 044 | 0.7 
V 41 009 042 | 0.4 
VI 16 030 068 ! 0.9 
vu 30 040 086 | 0.9 
VII | 4 | 043 055 | 1.6 
IX | 25 | 050 064 | 1.6 
x | 16 | 070 171 | 0.8 
XI | 22 | 103 061 | 3.3 
x 23 | 170 | 282, 1.2 
XII 18 297 | 340.0 1.2 
XIV 21 192 305 | 1.3 
AV 20 077 025 16.2 
xXVA 26 234 148 | 3.2 
xVB 35 105 070 | 3.0 
xVC 40 059 07|1|14 
XV 19 09| 04| 1.4 
XV 4) 049 032 | 3.1 
x vin 16 050 075201223 
XIX—XX fl 057 Blrker |. als 


to the difference between the a and the c stars. Yet all the same this question 
may. be answered in the affirmative; on both spectrograms of this star occur- 
ring in her work, we see very distinetly the line 4053.8, which in Gapella and 
Sirius is absent and which is a typical line for the c stars. Hence follows that 


«# Carinae is indeed a c star. 
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therefore repeated the computation after exelusion of the c and the 
ac stars. 

The table (see p. 139) contains the results for all the classes of Matury 
separately ; class XV is divided into three subdivisions: XV A are 
those whose spectra agree with that of « Boötis, XV C are those which 
agree with the redder « Cassiopeiae, while XV B embraces all those 
that cannot with certainty be classed among ‚one of the other two 
groups. 

The values for 7,0 and g4.o differ very little from those of the 
preceding table. If we take the value of the velocity of the solar 
system — 4.2 earth’s distances from the sun, the g’s divided by 4.2 
yield the mean parallax of stars of different spectral classes for the 
magnitude 4.0 (#o.). Reversely, we derive from the g’s the relative 
brightness of these stellar types, for which we have here taken the 
number which expresses how many times the brightness exceeds 
that of magnitude 4.0 when placed at a distance for which q = 0".10, 
hence with the parallax 0".024. Finally the last column 2r/g contains 
the relation between the mean linear velocities of the group of stars 
and our solar system. 

In the following table we have combined these values in the same 
way as before. 


Spectrum | Typical L for 


n = rn 9, 
MaurY = Out star w. - = q-0" 10 = 


IV_V B-A | 7 0Orionis | 45 | 0.013 | 0.086 |o.0o0oss | 7.7 | 07 


I—IH B ;| « Orionis 32 0.0059 0.014 0.0033 51 08 
VI— VII A Sirius 87 0.040 | 0.063 | 0.015 2.5 Aa 
IX —XI F Procyon 86 0.101 | 0.144 | 0.034 0.50 | 1.4 

XII —XIV G Capella 59 0 182 | 0.224 | 0.053 0.20 | 1.6 
XV K Arcturus | 101 ve 0.096 | 0.023 alaal 2.5 
XVI—XX M Betelgeuze | 61 | 0.050 | 0.061 | 0.015 a7 1.6 


$ 4. Conclusions from this table. The numbers of the last column 
are not constant but show a systematie variation. Hence the mean 
linear veloeity is not constant for all kinds of stars but inereases 
as further stages of development in the spectral series are reached. 
(Whether the decrease for the 3'd type, class M, is real must for 
the present be left out of consideration). That the linear speed of the 
Orion stars is small is known and appears moreover from the 


(141) 


radial velocities. While CAmpsern found 19.9 kilometres for the 
velocity of the solar motion, and 34 kilometres for the mean velocity 
of all the stars, Frost and Apanus derived from the radial veloeities 
of 20 Orion stars measured by them, ‘after having applied the correction 
for the solar motion : .7.0 kilometres as mean value), hence for the 
actual mean speed in space 14 kilometres, whence follows the ratio 
0.7 for 2r/g. Hence the Orion stars are the particularly slow ones and 
the Areturian stars (class XV) are those which move with the greatest 
speed. 


$ 9. When we look at the values of g40 or those of x,o or 
Lo.ıo, derived from them, we find, as we proceed in the series of 
development from the earliest Orion stars to the Capella or solar 
type G, that the brightness constantly decreases. That q was larger for 
the 24 type as a whole than for the first (the Orion stars included) 
has long been known; some time ago Karrkyn derived from 
the entire Bradley-Draper material that on an average the 24 type 
stars (FGK) are 2,7 times as near and hence 7 times as faint as 
the 1° type stars (A and B). This result perfectly agrees with the 
ordinary theory of evolution according to which the 24 type arises 
from the 1 type through contraction and cooling. 
A look at the subdivisions shows us first of all that the Orion 
stars greatly surpass the A stars in brightness, and also that among 
the Orion stars those which represent the earliest stage greatly 
surpass again ‚in brightness those of the later stages. As compared 
with the solar type G the Sirius stars are 12 times, the stars which 
form the transition to the Orion stars 38 times and lastly the e Orionis 
type 250 times as bright. This result is in good. harmony with the 
hypothesis that one star goes successively through the different con- 
ditions from class I to class XIV; we then must accept that the 
density becomes less as we come to the lower classes. Whether the 
temperature of the Orion stars is higher than that of the Sirius stars 
or lower cannot be derived from this result; even in the latter case 
it may be that the larger surface more than counterbalances the 
effeet of smaller radiation. This must be decided by photometrie 
measurements of the spectra. As the Wolf-Rayet stars follow next 
to class I, an investigation of their proper motion, promised by 
Karreyn, will be of special interest. 

Past the & stars, the solar type of the series, the brightness again 
increases. The values obtained here for q confirm in this respect the 
results of Monck and HERTZSPRUNG. 


ı) Publications Yerkes Observatory. Vol. II. p. 105. 
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Against the evidence of the g’s only one objection can be made, 
namely that these classes K and M might have a proper motion 
in common with the sun, so that g would not be a good measure 
for the distance. A priori this objeetion is improbable but it may be 
tested by material, which, though otherwise of small value, may for 
this kind of investigations yield very valuable eonelusions on this 
point, namely the directly measured parallaxes. HERTZSPRUNG gives 
mean values of the measured parallaxes reduced to magnitude 0,0; 
by the side of tlese we have given the values for somewhat different 
groups derived from our. 74.0: 


Observed #0. Derived from q ro. 

I—IV 0".0255 (6) I—II 0".021 
IV—VI 0.106 (5) Ivy 0 .054 
VI—VII 0 .153 (10) VI-VIl: 0,094 
IX—XI 0 .226') (6) IX -—X1170727 
XI—XIll 0.442 (2) 

XIV 0.567 (5) XIII—XIV 0 .33 

XV 0.151 (8) XV 0.14 

XVI 0.171 0) XVI-XX 0.09% 


XVI—XVII0O 115 (3) 


In general Hertzsprung’s numbers are somewhat larger, this can 
be easily explained by the circumstance that many parallaxes measured 
in consequence of their large proper motions will probably be above 
the mean. It appears sufficiently clear from this, at any rate, that 
also the directly measured parallaxes markedly point at an increase 
of brightness past class XIV, and that there is not the least ground 
to assume for the other groups a motion in common with the sun. 

It is therefore beyond doubt that the K and M stars have a 
greater intrinsie brillianey than the F and G stars. Monck derives 
from this faet that they have a greater radiating power, because 
about the same value for the masses is derived from the double stars. 

'That the latter cannot be derived from the double stars will 
appear hereafter. Moreover Moxck’s conclusion of the greater radiating 
power of the K and M stars is unacceptable. In incandescent bodies 
this radiating power depends on the temperature of the radiating 
layers and of the atmospherie absorptions. With unimpaired radiance 
a greater amount of radiation is accompanied with bluer light (because 
the maximum of radiation is displaced towards the smaller wave- 
lengths) as both are caused by the higher temperature. The general 
absorption by an atmosphere is also largest for the smaller wave- 
lengths, so that when after absorption the percentage of the remain- 
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ing light is less, the colour of the radiated light will be redder. 

Therefore it is beyond doubt that a redder colour corresponds at 
any rate with a less degree of radiance per unit of surface. 

Then only one explanation remains: the K and M stars (the redder 
2rd type stars like Areturus and the 34 type) possess on an average 
a much larger surface and volume than the other 2rd type stars of 
the classess F and G. This result is at variance with .the usual 
representation of stellar evolution according to which the redder K 
and later the M stars are developed from the yellow-white Fand & 
stars by further conitraction and cooling. 


$ 6. A further examination of the constitution of these stars shows 
us that it is improbable that they should possess a very small 
density; the low temperature, the strongly absorbing vapours point 
to a stage of high condensation. These eircumstances lead to expeect 
greater (with regard to the F and G stars) rather than less density. 
From the larger volumes it then follows that the K and M stars 
have much larger masses than the F’s and G’s. This result is the 
more remarkable in connection with the conclusion derived above 
about their greater mean velocity. If the stars of our stellar system 
form a group in the sense that their velocities within the group 
depend on their mutual attraction, we may expect that on an 
average the velocities will be the greater as the masses are smaller. 
No diffieulty from this arises for the Orion stars with small speed, 
because the same circumstances which allow us to ascribe to them 
a mass equal to that of the A, F and G stars, enable us likewise 
to ascribe to them a larger mass. The K stars which have both 
a greater mass and a greater velocity are characterized by this 
thesis as belonging to a separate group, which through whatever 
reason must originally have been endowed with a greater velocity. 
Arcturus with its immeasurably small parallax and large proper 
motion is therefore through its enormously great linear velocity and 
extraordinary luminosity an exaggerated type of this entire class, of 
which it is the brightest representative. Therefore it would be worth 
while to investigate separately the systematie motions of the K stars 
which hitherto have been classed without distinction with the F and 
G stars as 2"d type. | 

If this result with regard to the greater masses of the K and M 
stars should not be confirmed, the only remaining possibility is the 
supposition that the density of these star is extremely small. In this 
case their masses might be equal to that of other stars and they 
may represent stages of evolution of the same bodies. Where 
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they ought to be placed in the series of evolution remains a riddle. 
There is a regular continuity in the series F--G—K—-M; and accord- 
ing as we suppose the development to take place in one direction 
or in the other we find in the transition G—K either cooling accom- 
panied with expansion, or heating accompanied with contraction. The 
puzzling side of this hypothesis can also be expressed in the follow- 
ing way: while in the natural development -of the celestial bodies, 
as we conceive it, the temperature has a maximum but the density 
continuously increases, the values obtained here would according 
to this interpretation point at a maximum density in the spectral 
classes F and G. 

In Vol. XI of Astronomy and Astrophysies MAunDER has drawn 
attention to several eircumstances, which indicate that the spectral 
type rather marks a difference in constitution than difference in the 
stage of development. ‘There seems to me but one way of recon- 
ciling all these different circumstances, viz.: to suppose that speetrum 
type does not primarily or usually denote epoch of stellar life, but 
rather a fundamental difference of chemical constitution” '). One of 
the most important of these facts is that the various stars of the 
Pleiades, which widely differ in brightness and, as they are ]ying at 
the same distance from the sun, also in actual volume show yet 
the same spectrum. The result found here confirms his supposition. 

One might feel inclined to look for a certain relation between 
these K and M stars and the c stars, which, according to HERTZSPRUNG, 
have also a much greater luminosity, hence either less density or 
greater mass than the similar a stars; and the more so as these c stars 
reach no further than class XIII. Yet to us this seems improbable; 
the K stars are numerous, they constitute 20°/, of all the stars, 
while the cstars are rare. Moreover the spectra of all the K stars 
are with regard to the relative intensity of the metallic lines perfectly 
identical with the a stars of preceding classes such as the sun and 
Capella. Therefore it as yet, remains undecided to which other 
spectra we have to look for other phases in the K star lives and 
to which speetra for those in the cstar lives. The c stars, except & 
few, are all situated in or near the Milky Way: this characteristie feature 
they have in common with the Wolf-Rayet stars and also with the 
4! type of SeccHt (Vogel’s IJId), although these speetra have no lines 
in common which would suggest any relation between them. 


$ 7. The constitution found here for the Areturian stars among 
the third type stars may perhaps be tested by means of other 


') Stars of the first and second types of spectrum. p. 150. 
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data, namely by those derived from the double stars. The optically 
double stars cannot however teach us anything about the masses of 
the stars themselves as will appear from the following consideration 
(also oceurring in “The Stars” by Newcomg). Let us suppose that a 
binary system is n times as near to us, while all its dimensions 
become n times as small, but that the density and the radiation 
remain the same. Then the mass will diminish in the propor- 
tion of n’ to 1, the major axis of the orbit « in the proportion 
of n to 1 and hence the time of revolution remains the same; 
the luminosity becomes n? times as small, therefore the apparent 
brightness remains the same as well as the apparent dimensions of 
the orbit, in other words: it will appear to us exactly as it was 
before. Hence the mass cannot be found independently of the 
distance. Let « be the angular semi-major axis, M the mass, P 
the time of revolution, d the density, A the radiating power, x the 


parallax and g the radius of the spherical volume of the star, then 
3 


[44 
we shall have: "’M = pi; the mass M is a constant value X _°0, 


the apparent brightness 7 is a constant X ’e’A, Eliminating from 
this the parallax and the radius, we find 

Mn 2 
ae — 6 ge 

Thus from the known quantities: elements of orbit and brightness, 
we derive a relation between the physical quantities: density 
and radiating power, independently of the mathematical dimen- 
sions. This relation has been derived repeatedly. In the paper 
3a a? 

2 
in the supposition of equal values of 2; he found for the Sirius stars 
(18: type) 0,0211, for the solar stars (all of the 2rd type) 0,3026, 
hence 14 times as large on an average; we can also say that 
when we assume the same density the radiating power of the 
Sirius stars would be 6 times as large ; the exact expression would 
be that the quotient A’/d? is 200 times as large for the Sirius stars 
as for the solar stars. 

In a different form the same calculation has been made by 
HerTzsprunG by means of Arrken’s list of binary system elements '). 
By means of — 2,5log H= m he introduces into his formula the 
stellar magnitudes ; if we put in the logarithmical form 


2 
cited before MAUNDER gives values for the density d=c (z) 


1) Lick Observatory Bulletin Nr. 84. = 


Proceedings Royal Acad. Amsterdam. Vol. IX. 
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3 log H + 4 log P — 6 log a — const. + 3 log A — 2 log d 
m — !""/,lg P+5lga=m, 
then we have m, —= const. — 2,5 log 2 + °/, log d. 

If we arrange the values of m, after the spectra according to the 
Draper Catalogue (for the Southern stars taking Cannon; according 
to the brightest component « Centauri was reckoned to belong to 
class G), we find as mean values: 

Class A — 2.92 (9 stars — 4.60 t0 — 1.09) 
F —1.32(19 „ —3.61 „ + 0.14) 
„  GandE—049(l1 „ —.1.60 „ —+1.28) 

The 3 stars of the type K (with H) give — 4.88 (y-Leonis), 
— 1.05 and + 0,87, hence differ so widely that no valuable result is 
to be derived from them. To the extraordinarily high value for 
2/0? given by y Leonis attention has repeatediy been drawn. 
While for a great number of stars of the other elasses the extreme 
values of m, differ by 3.5 magnitudes we find that y Leonis differs 
by 5 magnitudes from the mean of the two other values, that is to 
say: its radiating power is a hundred times as large, or its density 
is a thousand times as small as for these other stars. For the classes 
A and F we find that A?/d? is 640 and 8 times respectively as large 
as for class G; conclusions about class K as a whole, such as are especially 
wanted here, cannot be derived from it. It may be that an investi- 
gation of binary systems with partially known orbit motion (for which 
we should require auxiliary hypotheses) would yield more results. 

About the mass itself, however, something may be derived from 
the speetroscopie binary systems. The elements derived from obser- 
vation asini and P directly yield M sın ’i; as it is improbable that. 
there should be any relation between the type of spectrum and the 
angle between the orbit and the line of sight we may accept the 
mean of sin.” to be equal for all groups, For systems of which only 
one component is visible, the element derived from observation 
contains another unknown quantity, viz. the relation ß of the mass. 
of the invisible to that of the visible star. If a is the semi major 
axis of the orbit of the visible star round the common centre of 
gravity, we have 


” 


—— = BRERN sin fi 

P° (1+-B)’ 

It is not perfectly certain, of course, that on an average ß is the 
same for all classes of spectrum; if this is not the case the M’s 
Bose 
may behave somewhat different from the values of — 


computed 


pP? 


here. 
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Unfortunately, of the great number of speetroscopie double stars 
discovered as yet (in Lick Observatory Bulletin N’. 79 a number 
of 147 is given) the orbit elements of only very few are known. 
They give, arranged according t6 their spectra: 


Group II—IV (B) Group VI—VIII (A) 
Orion type Sirius type 
o Persei 0.61 ß Aurigae 0,56 
n Orionis 2.51 & Ursae (3.41) ') 
dOrionis 0.60 Algol 0.72 
ß Lyrae 7.85 a Androm. 0.36?) 
a Virginis 0.33 a, Gemin. 0.002 
V Puppis 34.2 
Group XII—XIV a (F—6G) Group XII—XIV ac 
Solar type a Ursae min. 0.00001 
a Aurigae 0.185 & Geminorum 0.0023 
% Draconis 0.120 n Aquilae 0.0029 
(W Sagittarii 0.005) d Cephei 0.0031 
(X Sagittarii 0.001) 
ı Pegasi 0.117 Group XV (K) 
n Pegasi 0.234 ß Hereulis 0.061 


Of the K stars only one representative occurs here, so neither 
this material offers anything that could help us to test the results 
obtained about this stellar type. But all the same, some remarkable 
conclusions may be derived from this table. It appears here that 
notwithstanding their small number the Orion stars evidently surpass 
the others in mass, while the Sirius stars seem also to have a some- 
what greater mass than the solar stars. Very striking, however, 
is the small mass of the c stars approaching towards a. Hence the 
cstars combine a very great luminosity with a very small mass, and 
consequently their density must be excessiwely small. If it should be 
not merely accidental that the three regularly variable stars of short 
period, oceurring in Maurr, all happen to show c characteristies 
and a real connection should exist between this particularity of 
spectrum and the variability, we may reasonably include into the 


1) In the case of £ Ursae a has been taken equal to the semi major axis ofthe 
relative orbit; hence tbis number is proportionally too large by an unknown 


number of times. 
2) Assumed period 100 days, velocity in orbit 32.5 kilomelres. 
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group W and X Sagittarii which also yield small values; as has 
been remarked, for the southern stars no distinction is made between 
the a and the c stars ''). 

We may expect that within a few years our knowledge of the 
orbits of the speetroscopie double stars will have augmented consi- 
derably. Then it will be possible to derive conclusions like those 
found here from much more abundant material, and also to arrive 
at some certainty about the mean mass of the K stars. With regard 
to the latter our results show at any rate that in investigations on 
grouping of stars and stellar motions it will be necessary not to 
consider the 2rd type as one whole, but always to consider the 
F and G stars apart from the redder K stars. 


l) In this connection may be mentioned that in 1891 the author thought he 
detected a variability of z Ursae minoris with a period of a little lessthan 4 days. 
The small amplitude and the great influence of biased opinions on estimations of 
brightness after ARGELANDER’s method in cases of short periods of almost a full 
number of days, made it impossible to obtain certainty in‘either a positive or a 
negative sense. CAmpBELr's discovery that it is a spectroscopie binary system with 
a period of 34 23b 14m makes me think that it has not been wholly an illusion. 


ERRATA. 


In the Proceedings of the Meeting of June, 1905, p. 81: 
line 7 from top, read: “cooled by eonduction of heat”, 
16,  ' ...for: Eck PL IV read a ee 
In Plate V belonging to Communication N’. 83 from the physical 
laboratory at Leiden, Proceedings of the Meeting of February 1903, 
p- 502, the vacuum glass BD’, has been drawn 18 cm. too long. 


(August 21, 1906). 


